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Srinivasa Ramanujan (1887-1920) 





Vesuvius landscape with gorse — Naples 





https://www.pinterest.it/pin/95068242114589901 


From: 


A. A. Karatsuba, “On the zeros of arithmetic Dirichlet series without Euler 
product,” Izv. Ross. Akad. Nauk, Ser. Mat. 57 (5), 3-14 (1993) 


On the Zeros of the Davenport Heilbronn Function 
S. A. Gritsenko - Received May 15, 2016 - ISSN 0081-5438, Proceedings of the 
Steklov Institute of Mathematics, 2017, Vol. 296, pp. 65-87. 


We have: 


Let 
Vv 10 — 2/5 —2 
Y5—1 
and yx; be a character modulo 5 such that y;(2) = i. 
The Davenport—Heilbronn function f(s) is defined by the equality 


x= 


1—ix ltix 
f(s) = - L(s,x1) + ™ 


a “= 











L(s,X;), where L(s,y) = >» x(n) 
n=1 


Jae 


The function f(s) satisfies the Riemann-type functional equation 





m\-s/2_ f/s+1 
g(s) = g(1-s), where g(s) = (=) r( = 


but there is no Euler product for it. 


(V10 — 2V5 — 2)/(V5-1) =k 


Input: 


V10-2V5 -2 
v5 -1 


Decimal approximation: 
0.284079043840412296028291832393 12616909 10880884457375827591626661 


0.28407904384....=« 


Alternate forms: 


; \Vio-avs -2V5 +,/5(10-2V5) -2| 


= (1+ ¥5)(V10-2V5 -2| 


3[ 2-5 + \26 v5) 


Minimal polynomial: 


x1 42x°-~6x7-2x41 


Expanded forms: 


V10-2V5 2 


v5 -1 V5 -1 








= V10-2V5 + =) 5(10-2V5) +> (-1-V5) 


For ((((V(10-2V5) -2)((V5-1)))) = 8G; G = 0.011303146014 


Indeed: 
((((V(10-2V5) -2) K(V5-1))) (8x) 


Input: 


= 


V 10-2V5 -2 
V5 -1 
8x 


Result: 


V¥10-2V5 -2 
8(v5 -1)x 


Decimal approximation: 
0.0113031460140052147973750129442035744685760313920017808594909667 


0.01130314.... = g (gravitational coupling constant) 


Property: 


-2+V¥10-2V5 
8(-1+V5)x 


is a transcendental number 


Alternate forms: 


V¥10-2V5 -2V5 +,/5(10-2V5) -2 


327 





1+ V5 -/2(5+V5) 
: 167 





-1-V5 +,/2(5+V5) 


16x 
Expanded forms: 


1 V5 10-2V5 5(10-2V5) 


16x 16x 320 32.0 





V¥10-2V5 1 


(V5 -1)x 4(V5-1)n 
Series representations: 


1 
fee ee -2+V9-2V5 ra{ 2 |@-2V5)* 


(8)(V5 -1) an[-14V4 yo(2] 





(-1)* (-3), (9-2 v5y* 
V¥10-2V¥5 -2  ~2+V9-2V5 T2949 ————— 


(8m)(V5-1) sa(-1+V9 DS =] 


=0 kt 





(-* (-}), (10-2 V5 -20} zo" 
V¥10-2V5 -2_ —2+ V2 Yeeq9 


- (-1)*(- 


(8x)(V5 -1) Sal bY Da 
=0 


for (not (Zp ER and -«< Zp S$ O)) 


2h, (5-Zg) kk 


We note that: 


(((V(10-2V5) -2) K(N5-1)))*((2 i (sqrt(5) - 1) t + sqrt(5) - 1)/(2 (sqrt(2 (5 - sqrt(5))) - 
2))) 


Input: 
V¥10-2V5 -2 —2i(v5 -1)t+ V5 -1 


ee 


Exact result: 


[v 10-2V5 -2)(24(V5 -1)t+ V5 1) 


2(¥8 -1)| f215- V5) -2| 


tis the imaginary unit 


Plot: 





t 
(t from -0.7 to 0.7) 


— real part 
— imaginary part 





Alternate form assuming t>0: 


iV10-2V5 t 2it 
SS tt 


5(10-2V5) oa — vio-2ve 


205 -9{ Jat6—v5) -2) asaya 5-V5) - s) 
ee 
ve -a{ Jaie-v5) 2), vs -»| as 


Alternate forms: 


5 (1+ ¥5)[2i J2(e-¥5) VE 





* (1428) 
= + Zi 
2 





1 . 
—+:t 
2 


1/2+it = real part of every nontrivial zero of the Riemann zeta function 


Derivative: 


, [V1o-2V5 -2)(2i(V5 -1)¢+ V5 -1) 


. (V5 -a)[2[ J 25-V5) -a] 


Indefinite integral: 


t it? 


pr -2)(2(V5 -1)¢+ V5 -1) 
A tp = — 


(VS -)[2[ Ja(s- v5) -2] aa 


And again: 


(((V(10-2V5) -2)((2x)))*((2 i (sqrt(5) - 1) t + sqrt(5) - 1)/(2 (sqrt(2 (5 - sqrt(5))) - 2))) 
= (1/2+it) 


Input: 
V1i0-2V5 -2 2i(V5-1)t+V5-1 1 : 

2X “9°! 

| 2(5- V8) ~2| 
iis the imaginary unit 

Exact result: 
[Vio-2V5 -2)(2i(V5 -1)e+ V5 1) ; 
ee iit 


2 
sf J206- V5) -2}x 


Alternate form assuming t and x are real: 


V5 -1_ 


x 





2 


Alternate form: 


(VS -1)(+2it) _ 


1 
—+it 
4x 2 


Alternate form assuming t and x are positive: 


2x4+1=V5 


Expanded forms: 


is ppteades J _ivio-2V5 —ivSt 
1 5-V5) - af 2ts-v5) -2} af fa 5- V5) ~2}s ie 5-V5) - sje 
\{ 5(10- 2V5) te 


fie fe} Yoo 
[ren ep 


eis 








Solutions: 


f=-, x0 


ml 





» [a 


Nile 


10 


Input: 
V5 


Decimal approximation: 
0.618033988749894848204586834365638 1 177203091798057628621354486227 


0.6180339887.... = 


Solution for the variable x: 


-2iV5 t+2it-V5 +1 
SS»... 


-2-4it 


Implicit derivatives: 


ax(t) 2(-1+V5 -2x)x 
dt (-14 V5) (-i+20) 








at(xy) (-1+V5)(-i+2t) 
Ox _2(-14+. V5 -2x)x 
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From: 


Heterotic Supergravity with Internal Almost-Kahler Spaces; Instantons for 

SO(32), or E8 x E8, Gauge Groups; and Deformed Black Holes with Soliton, 
Quasiperiodic and/or Pattern-forming Structures - Laurentiu Bubuianu, Klee 
Irwin, Sergiu I. Vacaru - arXiv:1611.00223v3 [physics.gen-ph] 18 Feb 2017 


We have that: 


J — ern A ale ir: & 


> 


— > — 
6 :=(,2° 41,89) A( 874+, 88) a( 294+ 2?) 


#,F =-(¥.G,) AF, forG,=drA +6 i Tad, 
- (69) 


(e45 *e46)+(e47*e48)+(e49* e410) 
Input 
oP ee ee 
Exact result 
11 15 19 


e +e +e 


Decimal approximation 
1.81811192477374569302667215320606682980739732788682201370665... x 
10° 


1.818111924...*10° 


Property 


11 15 19. 
e +e +e ° isa transcendental number 
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Alternate forms 


4 


e'(l+e +e°) 


e' (1-e+e)(1+e+07)(1-e7 + e*) 


Alternative representation 


ee +e e+e e'° = exp (z) exp (z) + exp (z) exp'(z) + exp (z) exp "(z) 
| | 


(e454+1*e%6)(e%7+1* e%8)(e%9+e% 10) 
Input 


(e° +i e°) (e” + ie’) (e° + e’° 


iis the imaginary unit 


Decimal approximation 
~ 3.133019699547756863528263600791 11341442054488808667868688... 
x 10!° + 


2.66594325847609883234315852616027919337441616581465638225... x 10"? 


Property 


ao | 


(e? +ée°)(e’ +ée°)(e° + e’°) is a transcendental number 
Polar coordinates 


13 
, 3 pe 
r=e (l+et+e’ +e) ad 1S), @=n+tan™ ———— | (angle) 
. el2 — el4 


tan (X) is the inverse tangent function 
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Polar forms 


2¢!3 23 

21 2 3 =} e ae -1 e 

e (l+e+e + ¢°)} cos} + tan —— _ |] + isinjn+tan | ———— 
el2 _ ¢l4 el2 _ el4 





Approximate form 
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e (l+e+e 


. e°) a (x+tan-! ((2 43 )\/(e!2-e!4))) 


Alternate forms 


-—e (e+ =i (1+e) 





-(e- 1) e”! (1+e)? +2ie” (1+) 


Expanded form 


2 


e f+1ét2De -A-e -e" 


Alternative representation 
it & 


(e tie \(e +ie)\(eo +e 
(exp”(z) + iexp*(z)) (exp (z) + iexp*(z)) (exp (z) + exp'°(z)) for z = 1 


al 


Series representations 
(e° +i e°) (e” +i e*) (e” + e'°) = 


ie —] 72 =] of3 =| 


pp IP? kil Ky! Ika! ko! UKs! Kg! 


k; =0k»=0k3=0 
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(e° +ie°)(e’ +ie*)(e? +e) = -[y. ‘a [-i+ 3:3] fb+5:] 





(-srea tt) (taza 


bala 


(e° +ie°)(e’ +ie* \(e° Parad 


(((e45+1*e%6) (E47 +1*e%8)(e%9-+e% 10)))+1/2(((((e%5 *e%6)+(e47 *e48)+(e%9*e410)))))% 
2 


Input 


1 
(e° +ie°)\(e’ +ie*)\(e? +e + sete etree) 


fis the imaginary unit 
Exact result 


= (e" +e 4 ey + (e° +ie° (e” +i e*) (e° +e 


Decimal approximation 

1.652762352482547611177913962257766729466879337603842391433. .. 
x 10/8 + 

satin ech caic 158526160279193374416165814656382257... 
x 10° i 


Property 


11 15 


5 1 19\2; 
i (e +e ° +e) isa transcendental number 


(e tie \(e’ +ie \(e° +e? 


15 


Polar coordinates 


4 





1 
“asers(5eP(1+e 


2 
+ ey +e (1+e) (e” _ "’)) 


2e (e? + e!°) 
19)2 -” 


(radius @=tan™! aro ne, a nn es 
_—. [ao Lie seS ee 
2 


tan’ (x) is the inverse tangent function 


Polar coordinates 
r = 16527623524846978 (radius), @=0 (angle) 


1.6527623524846978 x 10'° 


tan‘ (x) is the inverse tangent function 


Polar forms 


4 


1 2 
4 1 +e) ?+(5 e (1+ +e) +e 7(1+e)(e* -e)) 


ae (e? + e!°) 
cos tan~ —————————— 
(e? + e')(e! - e}4) +* 5 (e" tes ei |} 


sn an (tee 
(e? + e!°) e!4) + P(e +e + 9)? 





Approximate form 


4 -e')) 


+e +e (1+e)(e" 


ial (e” + ¢!°) } 


exp} itan | ee et 
(z > +!) (e! 2 eM) +3 (e 11 +e! 5 +e)? 


1 
“aser+(5e” (l+e 
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Alternate forms 


1 
: 71 (24¢((3+4i) +e ((-2+4i)-2e+e°(1+¢e*)(2+e* + e°)))) 





1 
: 71 (24(34+4i)e-(2-4)e -2e +26 +30 +2e +e") 





1 
: 71 (24+3¢e-2e -2e 426430 4+2e +e )4+2ie” (1+e) 


Expanded form 
e 3 630 38 


3 e e 
e +(5 +2i)e?-a-2 ee +e 4 at kg oa 


Alternative representation 


1 
(e° +ie\(e’ +ie*)(e? +e") + 2 (ee +e’ e® +e? a 
(exp”(z) + iexp’(z)) (exp’(z) + iexp'(z)) (exp’(z) + exp''(z)) + 


5 (exP’(2) exp®(2) + exp”(z) exp*(z) + exp”(z) exp'"(2))° for z = 


Series representations 


1 
(ce? ie) (e ied)(eP He) + 5 (ee tee +e’ el)’ = 


tion ll 415 «1 
(5 +15* 4 ). 
2 k! 


=0 


oo oo oo 5x1 : 6x1 72 . gk2 ok3 10*3 
202991 agregar rs |e 
ky! ky! JU Ko! ka! Jl ks! ks! 


k, =0k2=0k3=0 
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1 
(ec? +ie°\(e’ sie \(e? +e) + —(C eo +e’ +e’ e') = 


fon 1 oo oo 
sea] Peawan Sz -2-40[E 





oo 1 = 1 17 
afSz] a2] o(SZ] afHZ] -(S2) ) 
k=0 k=0 
1 1 
(e° +e) (e’ +e) (e? +e" i ai Pd ae 38 
2 oo: Gehl 
k=0 k! 








=, (-* a = (-1* a S(-yFy? (S-t)" 
k=0 k=0 k=0 
hs = (-1)* 16 a) (-1* 17 
(2-43) se : a rooao( 5 rr | val): 7 


=0 











Z*y = - 
(x*(((e45+1*e%6)(e%7+1* e48 )(e*9+e% 10)))+1/2(((((e*5 *e%6)+(e%7 *e48)+(e%9* ee 10))) 
)2)*y 


Input 
1 
zy= -(x ((e° +ie°) (e” + ie®)(e” + e°)) + 2 (e° csecrvee )y 
ris the imaginary unit 
Exact result 


11 15 19 5 
2 +( 


1 
yz=-(5(e +e +e e +ie)\(e’ +ie*)(e? +e" 


x) y 
Alternate forms 


1 
yr=-5e (e(1+e* +e°) -2(e+-i) (1+e)x)y 
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y= 
1 
~=e7 (-2e x-(2-4)e? x4+(2+4iext+2@xt+e +2e%4+307+2€ +e)y 





~-e* x y-(1-2ie7 xy+(1+2Ne"xy+ 
38 
e 








Fiys 





e xy+yzt 


Expanded form 


yz=e"xy+(1-2iexy-(1+2iIe”xy- 
2 y _3ey 26 ey 


apy eet 
oe ge el ge 








Real solution 


y=0 


Solution 


Z = (31330196995 — 26659432585 i) x — 16527654855 022471 


Solution for the variable z 


tw 
inne” (e (1+ e* +e)? -2(e + -i)* (1+ )x) 
From: 

1 
jen le (e(1 +4 + 0°)? -2(e+ -i)" (1+ e)x) 


((-1/2 e421 (e (1 + e*4 + &%8)42 - 2 (e + -1)*2 (1 +) x))) 


19 


Input 


1 
-5e (e(1+ 4 +e) -2(e-i) (1+e)x) 


fis the imaginary unit 


Exact result 


1 
“ll (e(1+ 0% +e) -2(e+ -i) (1+ €)x) 


Plot 





(x from -602647 to 602647) 


— real part 
— imaginary part 





Alternate forms 


e”! (e+ -i(1 +e)xX- 


1 
5o (l-ete’)(-1-iere’) (-1tiere’) (Itere’) 





1 
5o ~e(1+e' + 6°)? +2(e+-i) (1+ )x) 





1 
“oe (-2e° x-(2-4 ie? x+(24+4ex+2x+e 4+2e 430° +20 +e) 


Expanded form 


24 23 22 1. @ 3% 3e% a 
e xX+(1-2De x-(1+2De x-e r=" 7e - 





2 2 
20 


Alternate form assuming x is real 


1 ; 
<r. (-2e° x-2e?x+Qex+2@x+e +2e°430e° +2€ +e) -ie” (1+e) 


x 


Complex root 


e(l+e4+ e®)? 


—— 
2(e + -i)* (1+e) 
Derivative 
d 1 ror 
(-3<" (e(1+e* +e) -2(e-a 1+ e)x)} =e" (e + -i) (1+e) 
ax : 4. . : 


Indefinite integral 


an | 
lege (e(1+e' +e) -2(e-i) (1+ e)x)dx = 


4 


1 — 
-Ze (elite + e°)? x -(e + -i)" (1+) x’) 


For x = 602647 : 


((-1/2 e421 (e (1 + e*4 + &%8)42 - 2 (e + -1)*2 (1 + €) *602647))) 


Input 
err 
~5 eo (e(1+e4 + e°)? -2(e- a" (1 + €) 602647)) 


iis the imaginary unit 


21 


Exact result 


= e” (e (14+ e7 +e)? - 1205294 (e + -i)’ (1+ e)) 


Decimal approximation 
2.3533943737 110987 15999399837045946052800043570220421725057... 
x 10° - 
1.6066227068908455330151074563149137750495 11779079705224798... 
x 10'° i 
Property 


; e (—1205 294 (-i+ ey (l+e)+e (1+ e* + e)’) is a transcendental number 


Polar coordinates 


r = 16237675859 184461 (radius), @» —1.4253 (angle) 


16237675859184461 =z 


-] 
tan (X) is the inverse tangent function 


Polar forms 
1 
—-€ 
2 
\ 5810934 505 744 e* (1+e) +(e(1+e' + e°)° - 1205294 (1+ e)(e” - 1))° 
4 2410 588¢ (1+ e) 
cos} —tan ee ney ny a | + 
1205 294(1 + e) (e? - 1)-e(1+e4+e°) 


os | “| 2410 588 ¢ (1+) 
#sin| —tan pe ce ae a a a 
1205 294 (1 + e) (e? - 1)-e(1+ 4+ 6%) 
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Approximate form 
1 on 
—~e 
2 
5810934 505 744 e (1+e) +(e(1+e' +e°)° - 1205294 (1+ e)(e” - 1)) 


2410 588 e (1+ e) 
al 


ex - tan” | ——— a ee 
1205 294(1+4 e)(e7 -1)-e(1l+et+e 


Alternate forms 


1 
~= e7! (1205294 + (1205295 + 2410588 i) e 


(1205294 — 2410588 i) e* - 1205294 e° +2¢°+3¢ +2e° +e! 





1 
ae e* (1205294 + 1205295 e — 1205294 e” - 
1205294 e° +2¢° +30 +2e +e’) -1205294ie” (1+e) 





1 
<a e* (14+ e* + e°)? + 602647 e" (e + -i) (1+) 


Expanded form 


( 1205295 


~ 602647 e7! - + 1205294 i) + 


2% 3 e 34 e 





(602647 — 1205294 i) e~ + 602647 e —e 


Alternative representation 


1 
; (e”" (e(1 +e! +e) — (1+ e) 602647 » 2(e -i)’))(-)) = 


1 
; (exp~'(z) (exp(z) (1 + exp‘(z) + exp*(z))? - 


(1 + exp(z)) 602647 » 2 (exp(z) - i)”))(-1) for z= 1 


23 


Series representations 
1 - ye 
5 fe "(e (1+ e7 + e°)? - (1 + e) 602647 » 2(e - i)’))(- n=3| 


—1205 294 — (1205295 + 2410588 i) e + (1205294 — ny + 


o ak k « 4k k 
4° +8 4° +8 
3 | 
1205 294 e ee kl -[y ki | 











1 
: (e”" (e (1+ e* + e°)? - (1 + e) 602647 » 2(e -i)”)) (-1) = 


oo 1 ” 
1 1 : 
9 [> al q 205 294 + (1205 295 + aoeee 2, a 


oo oo 3 
1 1 
(1205 294 — 2410588 i) YB] -r20sang din + 


Ea} Gal Bs) E)) 





1 
= (e7) (e(14+ 7 + e°)? - (1 + e) 602647 » 2(e -i)”)) (-1) = 


1 fl _1* ¥ oo _1*¥ 1 \2 
——al'+2[2SF] ofS Br | - 
ee eS eS eee 

=0 k! 


14 at 1)* 
-«1.205294- 24105880 5) S T 


= (= 


1205 294 > 


5295 5 (sr cnty” 5 (=D 
(1205295 + 2410588 i) » 7 + 1205294 » 7 


=0 
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(16237675859184461)*y = - 
(602647*(((e%5-+i*e%6)(eA7+i%e%8)(e%9-+e"10)))+1/2(((((e*5*e%6) +(e47#e%8) +(e9%*e 
*10)))))*2)*y 


Input 


16237 675 859 184461 y = 
-(602647 ((e* +ie°\(e’ +ie°)(e? ree o(é e+e e+e el Jy 


For y=1: 


(602647*(((e%5+1*e%6)(e%7+1*e48 )(e%9+e% 10)))+ 1/2(((((e%5*e%6)+(e47 *e%8)+(e%9*e 
“10)))))*2) 


Input 


-(602647 ((e° . ie®) (e” +i e*) (e” + e'°)) +- = (e* e+e e+e? e°)) 


fis the imaginary unit 
Exact result 


(e™ ie ey — 602647 (e° + ie’) (e” + ie’) (e’ + e'°) 


Nile 


Decimal approximation 

2.3533943737 110987 15999399837045946052800043570220421725057... 
x 10° - 

1.606622706890845533015107456314913775049511779079705224798. .. 
x 10°; 


Property 


— 602647 (e° + ie®) (e” +i e°) (e° + e'°) - (e" te 4 ey 


Nile 


is a transcendental number 


25 


Polar coordinates 


1 
= | (1452733626406 6" 0 +e) + (602647 «” (1+ e)(e* -1)- 56 ter4 


2 

ey) 

(radius), 
{a 1205 294 e'3 (e? +e!) 

a tan 


(e? + e'°) (602647 e!4 - 602647 e'?) ~ (e!) +e! + e!9)? 


tan (x) is the inverse tangent function 


Polar coordinates 
r = 16237675859 184461 (radius), @ + -—1.4253 (angle) 
1.6237675859184461 x 10'° 


Polar forms 


JC 452733 626436 e (1+ ¢)* + 


2 
(602647 «(1 + €) (e? -1)-5e 7 (1+e4+e°)) 


1205 294 e'3 (e =) 
cos -tan™ I) GMP oR acl MM Ocean Es CAN MG RS Gat ON AMees 
(e? + e'°) (602647 e'4 — 602647 e!”) — a a +e +9 
1205 294 e}3 (e? +10 ) — 


isin} —tan | — 
| (z + =} (602647 e14 — 602647 2] - : (el! +e 4 el)? 





Approximate form 


Je 452733 626436 e (1+ ¢)* + 


1 2 
(602647 e* (l+e) (e -1)- = =“ (1+ e* + ey) 
1205 294 e'3 (e? = 
ad 


: =] 
exp] —: tan a 
| [= + e!°) (602647 e14 — 602647 e!”) - *(e li else 
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Alternate forms 


1 
aa e* (14+ e* + *)? + 602647 e" (e + -i) (1+) 





= ¢*! (1205294 + (1205295 + 2410588 i) e - 


(1205294 - 2410588 i) e* - 1205294 e° + 26° +30 +20¢ +e) 





1 
= ce”! (1205 294 + 1205295 ¢ - 1205294 e” - 
1205294 e° +2¢°+3¢+2¢ +e") -1205294ie” (1+e) 


Expanded form 


1205295 
602647 2 — (2208295 


+ 1205294 i)” + 


3 30 38 
(602.647 - 1205294 i) e* + 602647 e% — 6 — —— _ 94 _ 





Alternative representation 


1 
-(602647 (e? +ie°) ((e’ +ie*)(e” + e'°)) + ; (ese etree! ’) = 


-(602 647 (exp’(z) + iexp’(z)) ((exp’(z) + iexp'(z)) (exp (z) + exp '°(z))) + 


1 | 
= (exp*(a) exp®(z) + exp”(z) exp*(z) + exp”(z) exp"*(z))*) for z = 1 


Series representations 


1 
-(602647 (e° +i e°) ((e” + ie’) (e° + e'°)) + P (e° e° + e’ e + e’ Ps *) = 


1 on 415° +19" 
rp» k! 7 
a sh HOVE, a ot 10" =) 


1205294 )* 
ky, =0k2=0k3=0 ky! ky! Uk! kat lls 


27 





1 
-(602647 (e° +i e°) ((e” +i e*) (e° + e'°)) + 2 (e° PS + e’ e + e” e° ?) = = 


1 


oo 1 
1 1 
ap. al fs 20s254 + 05295 asi0se8s ars on 
=-0 ss 


1 
(1205 294 — 2410588 i) ye Ly wam( $2] 
ke ak k=0 


a} le) be) “Bal 


a 





1 
-(602647 (e° + ie®) ((e” + ie’) (e° + e°)) +- (e° e+e ete’ e!° aT 


1 oo _1* ¥ oo _1* Fn 1* }? 
a fio] naff aE 
2(° aig = k! = k! =a k! 
=0 k! 














1205294 pig a -«a.20sa94~2arosaaa[yS a. 
! a kt 

oo _1)* 16 ~ -1 17 
(1205295 + 2410588 :) > |) 412052041 5°! y 
oa kt o kt 


From which: 


(((1+1/(64*6)) + m/log(2))) (- 
(602647*(((e45+1*e%6)(e47+1* 48 )(e%9+e% 10)))+1/2(((((e5 *e%6)+(e%7 *e%8)+(e49*e 
“10)))))*2))) 


Input 


(( bs a) . | 


(- (602647 ((e° +e) (e +ie *\(e? ree o(€ ere +e%e))) 





log(X) is the natural logarithm 


tis the imaginary unit 


28 


Exact result 





1 385 
(-; (e" te? +e!) - 602647 (e° +ie°) (e” tie’) (e’ + e)\(= = ] 


+ 
384 = log(2) 


Decimal approximation 


1.302595386230119336283071246752375973237458539204457871729... 
16 
x 10° - 


8.892599339856623132430285621484614013758546534609549203331... 
x 10! j 


Polar coordinates 


r= —— e 452733 626436 e 4 (1+ ey” + 
384 log(2) 


1 2 
(602647 e” (1+ e)(e?-1)- : e7 (1464+ é?) ) 
(384 m + 385 log(2)) (radius), 
1 1205 294 e'3 (e? + e!°) 
(e? + e!°) (602647 e!4 - 602647 e!2) - : (e+ e154 619)? 


é=-tan 


(angie) 


tan (x) is the inverse tangent function 


Polar coordinates 
r = 89874956333 478373 (radius), @» —1.4253 (angle) 
8.9874956333478373*10'° = c”, where c is the value of speed of light 299792458 


Polar forms 


——_—— Je 452.733 626436 e (1+ ¢)* + 
384 log(2) 


1 2 
(602647 <”" (1+ e)(e* -1)- e(1+044 ey) ) 84x + 385 log(2)) 


4] 1205 294 e)3 (e? + e!°) 
- 41 1205 294 e}3 (e? + e!°) 
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Approximate form 


eer e 452733 626436 e (1+ )* + 
384 log(2) 


1 2 
(602647. (1+ e)(e” -1)- : e* (1407+ y) (384 1 + 385 log(2)) 


a 1205 294 e'3 (e? + e'°) 
exp} —i tan) | — __, 7? 
P (e? + e!°) (602647 e!4 - 602647 e™) — > (el! +e! 5 4 @l9)? 


Alternate forms 





1 385 
(-= <? (1+ 64 + 6? + 6026477 (e+-sa+e)(——+ od 
2 384 = log(2) 





1 
~ 768 log(2) 
71 (1205294 + (1205295 + 2410588 i) e - (1205294 - 2410588 i) e* - 
1205294 e° +2¢°+3¢e? +2e +e") (384 7 + 385 log(2)) 





~———  e”" (1205 294 + 1205295 e - 1205294 e* - 
768 log(2) 


1205294 e° + 20° +3¢) +2¢e'° +e") (384 2 + 385 log(2)) - 
602.647 ie (1 + e) (384 2 + 385 log(2)) 
192 log(2) 





23201 5 385 
- —— (e° + ie®) (e” +i e*) (e + e'°) —- (e" eo +e l= 
602647 (e° +ie®°)(e7 +ie*)(e? tel) (e! +e) +e)? x 


log(2) 2 log(2) 
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Expanded form 


232019095 e*! (2ss672528 752019 0854) me 


+ 
384 256 192 
—_—= 2820190851) 93 232019095 e”4 














384 192 384 
38507 385¢ 385¢% 385e% 602647e7 2 
384 256 384 + ° ®#«4768 + _— log(2) 
‘eee ‘eR (602647 - 1205294 i) ex 
Se eg ee ee 
log(2) log(2) 


602647e% 7 ex 36° etn en 


log(2) 7 log(2) 7 2 log(2) 7 log(2) 7 2 log(2) 











Alternative representations 


1 n 
(a aeatale 
64.6/  log(2) 


1 
(602647 ((e° +i e°) (e” + ie’) (e° + e'°)) rs; (e° e+e e+e ec” t) = 





1+ —+ = 
| 384 eal 


1 
(-6o2 647(e° +i e°) (e” + ie’) (e° + e'°) _ 2 (e° e° + e’ e + e” Ps A 











1 1 
[( + + \\- 1) 
64.6 log(2) 


1 
(602647 ((e° “a e*) (e” * ie’) (e° + e'’)) 2a (e° e+e e+e ec” *) = 


F +— + =| 
384 — log(a) log, (2) 


1 
(-602 647(e° +i e°) (e” + ie’) (e° + e°) - 


5 6, 7.8, 9 102 
pee tee tee 
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Ct se) ce)? 


1 
(602647 ((e° +ie°) (e” + ie’) (e” + e°)) 5 (e° e+e’ e+e’ 3 - 
Corey 
1+ — + ———_ 
384 2coth"!(3) 


1 
(-602 647(e° + ie’) (e” +i e*) (e° + e’°) - 2 (e° e° + e’ e oa e” e *) 


Series representations 


1 T 
(+ Adrts)m 
64.6/  log(2) 


1 
(602647 ((e° + ie’) (e” +ie*) (e° + e'°)) + 5 le" e+e’ e+e’ ec” *) = 








1 
(-602 647(¢° +ie°) (e” +ie*)(e? +e'°)- : (e+ e+e)? F) 


385 = | | 
384 - co, eau ca. a.) ea Ge oe for x <0 
5 | StB(E=0 _VJre cnte-n*x 
2ix| = | + log(x) oe : 








1 n 
[( + ——)+ Jin 
64. 6/ log(2) 
1 
(602647 ((e° +i e°) (e” + ie’) (e° + e’°)) + (e° e+e e+e’ ‘) ~ 
1 
(-602647(¢8 + ie°) (c7 +ie*)(e? +e" - s(e" A ne *) 
385 7 


Jor’z,) « | 22-40)! (ioe 4) toore,)) re De e=s0r ast 
log(2o) + Pa (log( =) + log(z0)) - ae (-1)'¢ ae 29 
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1 n 
[(a+ ——}+ —_\-1 
64.6/ log(2) 
1 
(602647 ((e° +ie*) (e” - ie*) (e” + e'°)) +; (e° e+e etree” °) = 
1 
(-602647 (e° +ie°)(e7 4 ie®)(e? +e) 7 a teh +e”) 
= n 


= jl 
384 x-arg| =~|-arg(zo) 
2in | —_—— 


k k o-k 
_ ow (-1)"(2-zZ9)" z 
On | +tosce ) - ae ood 


Integral representations 





1 n 
(2 . ——}+ Jin 
64.6/ log(2) 
1 
(602647 ((e* +e \(e’ +ie*)(e? +e") + = (Peo se’ erse? e?) = 


1 
(602647 «” (-i+ ey” (l+e)-—- e*(1 + e* + | 





385 n 
2 


1. 
21 
384 fi : dt 





1 n 
(ue 2aeatgle 
64.6/  log(2) 
1 
(602.647 ((e* +ie®)(e’ +ie®)(e’+e'))+ 5 le e+e’ e+e e” ?) = 
1 
(602.6476 (-i+e) (1+e)- 5 eo (1+et +e) 
385 | ree 


bi 2 
384 fi coty F(-s)* (14s) 
—1 oo+y r(l-s) 


We obtain also: 


61/ In((- 
(602647*(((e*5+1*e%6)(e%7 +1*e48 )(e%9+e% 10)))+1/2(((((e*5 *e%6)+(e%7 *e%8 )+(e%9*e 
*10)))))*2))) 
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Input 
61 
log(— (602647 ((e° + ie®) (e” + ie®) (e? + e'°)) + : (e° e& + e7 e8 + &? e!)?)) 
log(x) is the natural logarithm 
fis the imaginary unit 
Exact result 


61 
log(- 5 (e" +e 4 e) - 602647 (e° + ie®) (e” + ie*) (e? + e')) 


Decimal approximation 
1.631865154122049477341232456579378346407 1699367737669655896564... + 


0.062315058945628667525245253726002638643092475437581414147788194... 
i 


Polar coordinates 
r = 1.6331 (radius), @ = 0.0381679 (angle) 


m2 


1.6331 result very near to the mean between C(2) = rs 1.644934 ... and the value 
of golden ratio 1.61803398..., i.e. 1.63148399 


tan (X) is the inverse tangent function 
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Polar forms 
(122 (cos(0.0381679) + isin(0.0381679)) / 


| oe( 452.733 626436 e" (14 ¢)° + 


1 2 
(602647 e* (1+ e)(e* -1)- sf (l+e7+ *)) )+ 


pe 1205 294 e'3 (e? +e!) 
tan a a ea a 
(€? + e!°) (602647 e'4 - 602647 17) - } (el + el + el)? 





Approximate form 
Pata | / | "(i 452.733 626 436 e** (1 +e)" + 
1 2 
(602647 <7 (1+e) (e -1)- 5f (1+ e*+ *)) + 


— 1205 294 e'3 (e? + e'°) 
tan <f=— -.waetha > = fA Gna eee TRE. NOMAD DE? da 
(e? + e}°) (602647 e!4 - 602647 e!*) ~ : (e!! te 4 el)? 


Alternate forms 


61 
log(—5 ec”? (1+ e+ + e8)? + 602647 e7! (e + -i)? (1+ @)) 





61 /(21 + 


1 
log( 5 (-1 205 294 — (1205 295 + 2410588) e + (1 205 294 — 2410588 i) e+ 


1205294 e° -2e° -3e -2e°%-e!” )) 
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1 
61 / oe log (1452 733 626 436° (e? +e)? + 


'} 
((e° +¢)° (602647 e'* - 602647 e'*) — ap DD ces e) 7 
1205 294 e'3 (e? + e!°) 
eg) 0) a 
(e” + e!°) (602647 e!4 — 602647 e!*) - 1 3 {e” +e! 54 el)? 


Alternative representations 


61 
log(—(602 647 (e° + i e*) ((e7 +i e®) (e? + e)) +2 5 {e e+e’ bse 9 @i0)2)) 
61 





61 
log(—(602.647 (e° + i e°) ((e” + ie®) (e? + e!)) + - re e+e bse 9 i0)2)) ~ 
61 


log(a) log, (— 602647 (e° + i e°) (e” + ie) (e? + e!°) - ma ec + e7 e® + &? e!)?) 





61 
log(—(602 647 (e5 + i e*) ((e7 +i e®) (e? + e!°)) +2 5 (e” e+e’ e+e 9 @l0)2)) 
61 


~ Lis(1 + 602647 (e5 + ie®) (e7 + ie) (e? +e!) +} 2 (ePe® +e? eF +e? e!)?) 


Series representations 
61 
log(—(602647 (e° + i e°) ((e” + ie) (e? + e!)) + - 1 (é e+e +e 9 i0)2)) 
a1 /fe(- 1 - 602647 (e” +ie°)(e’ +ie*)(e? +e") - ; > (el! te 38" d - 
x (— 1) (-1 + 602647 e7! (-i +e? (1+ e)- 5 ee? (1+ e4 + €8)?)* 
k=1 k 
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61 


log(—(602 647 (e° + ie°) ((e” + ie*) (e? + e!)) + = 3 (e° e+e’ eb +e 9 l0)2)) 
1 
a /[aie| Zaa(-coaser (e° +ie°)(e’ +ie*)(e? +e") - 
T 


1 

5 +e? +e?) - x}| + log(x) - 
co (—1)* (602647 e7 (-i+e)? (l+e)- ; e (1 tet4 e)? -x)'x - 
k=1 k 


for x <0 





61 
log(—(602 647 (e° + ie°) ((e” + ie*) (e? + e!)) + - +(e e+e’ bse 9 @l0)2)) 


a1 /fete + a arg(-602 647(¢° + ie’) (e” +i e*) (e” + e'°) = 
bs 
1 1 
ale (el 4.6! 419)? - 20}| (os{ —-} + logtzo) 


© (= 1) (602647 e”! (-i +e)? (1 +e) - 5 e? (1+ 64 + 8)? - 20)" =| 


k=1 k 


Integral representations 


61 
log(—(602 647 (e° + i e°) ((e” + de®) (e? + e!)) + + 5 (e e+e’ eb +e 9 @10)2)) ~ 
61 


602.647 e7! (-i+e)? (1+e)-3 7? (1+e* +28 1 a 


h 
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61 


log(—(602 647 (e° + ie®) ((e7 +i e®) (e? + e!)) + : (e° e° +e 8 + 0° e!)?)) 


122izx 
Ul 
- (-1-602647(e° +i oe \(e? +i e®\(e9 +¢19)_1 (ell +e!54¢19)2)-* r(-s)? r(1+s) 
| ieee \ , : i 2 ; ds 
-iooty r(l1-s) 
| 
I'(X) is the gamma function 
48 (Un((- 


(602647*(((e%5+1*e%6)(e%7+1*e48 )(e%9+e%10)))+ 1/2(((((e%5*e%6)+(€47 *e%8)+(e49*e 
*10)))))%2)))-24(1/3)))-Pi 


Input 


1 
48 (Iog{ - (602647 ((e° 7 ie*) (e” +i e*) (e” +e )+ = (e° e+e’ e+e ce” *)) ims 
v2)-» 


log(x) is the natural logarithm 


tis the imaginary unit 


Exact result 


-"+ 


1 
48 (- V2 + log{ - ; (e" +e +e) - 602 647(e° +ie°) (e” tie )(e? + e"”))) 


Decimal approximation 
1728.035506101065123612660912371533223092685840423614204254409848. .. 


68.4167936840682746322835949099 1562545 161610283429631532957502659... 
i 


Input interpretation 
1728.0355061 + i x (—68.4167936) 


tis the imaginary unit 
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Result 
1728.035506... — 
68.4167936... i 


Polar coordinates 
r = 1729.39 (radius), @ = —0.0395716 (angle) 
1729.39 


This result is very near to the mass of candidate glueball f9(1710) scalar meson. 
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic 
curve. (1728 = 8° * 3°) The number 1728 is one less than the Hardy-Ramanujan 
number 1729 (taxicab number) 


Polar forms 


iG V2 +1-24 log(1 452.733 626436 e (14 ¢)° + 


(602647 <! (1+e) (e -1)- . e” (1+ e* + Py} + 
1205 294 e13 (e? +e!) 
(e? + e!°) (602647 e!4 — 602647 e!”) - " (e!! +e! + e!9)? | 
(cos{tan™'{(48 Im log{ - ; (e+e +e) - 
602647 (e° + ie°) (e” + ie*) (e” +e”)}}) / 
(-» +48 (-V2 + Re(log(- 7 (e+ e+e) = 
602 647(e° + ie°)(e” +ie*)(e” + "”))))))) + 


1 
isin{tan™((48 im(log(- = (e'' +e + e'?)? - 602647 (e° + ie°) 


(c” +ie*)(e? +")}}} / 


1 
(-n +48 (- v2 + Re(log{ - a (e" +e +e) - 602647 


(e° +i e°) (e” + ie’) (e +e)? )))))) 


2304 an"| 
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Approximate form 


| (xe +1 -24 log( 1 452733 626436 e4 (1 +)” + 
1 2\\2 
(602647 < (1+ e)(e7-1)- 5f (1+e*+ )) )) + 


= an(5 1205294 e!3 (e? + ¢!°) 
(c? + e'°) (602647 e' - 602647 e7) - 5 (el! +e +e)? 
exp( tan” ((48 im(log(- - (e+e? +e) - 
602647 (e° + 4! (e’ +ie*)(e? +e” / 
(-x + 48(- V2 + Re(log(— = =(ed +e? +e) - 


consul! vie)? oie)? +) 


Alternate forms 


-1+ 48(- V2 +og(— = = ¢” (14.7 + e°)? + 602647 e” (e + -i) *+6))} 





1008 - 48 V2 — m - 48 log(2) + 
48 log(— 1205294 - (1205295 + 2410588 i) e + (1205294 - 2410588 i) e” + 
1205294 e® -2e° -3e -2e -e!” 





1 
-1 +48 [va = log(1 452733 626436 e”° (e? + e'°)* + 


a 
((e° +e" (602647 e'* - 602647 e') - ; (el! e+ e°)) 


‘ 1205294 e! (e? + ol 
itan 
(e? + e!°) (602647 e!4 — 602647 e!*) - pe" +e 4 el)? 
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Alternative representations 


48 (log{ - (602647 (e* +ie *\ ((e” +ie *\(e? reso (Pesce sere m *))- 


V2)-1= -17+48 
1 
(tog.(-602647 (e° +ie°)(e7 +ie)(e? +e") _ 5 (e° ore esere! ?) 
v2} 





1 
48 (log( (602647 (e° +ie°) ((e” +ie°) (e° +e?) 4 ; (e° ere ere € *)) ” 
V2)-2= 
-17+48 (logra) log,(-602647 (e° + ie’) (e” +i e*) (e’ + e’°) os 


1 
5 (¢ PG oF Oe 0?) - v2) 





1 
48 (log{ - (602647 (e* +ie *\ ((e” +ie)(e? +e) 4 7 (e° ge gn ?))- 
ae 
1 
-1 + 48(-1i(1 + 602647 (e° +ie°)(e’ +ie*)(e? +e'°) + 


(e 5 6 07 oh 4 09 gl? *)- V2) 


Series representations 


48 (log{ - (602647 (e* +ie°)((e’ +ée°)(e? ress (Sere ese ” *))- 
V2 )-1=-48V2 -1+ 
48 log{-1 - 602647 (e° +ie°)(e7 +ie® (e? +e° -s(e pelt cl? ?) 
co (= 1)" (-1 + 602647 e7! (-i+ )? (1+ e)- 3 e* (14+ e4 + e8)?)* 


pe : 2 


k= 





Al 


1 
48 (log{ - (602647 (e° +ie°)((e’ +ie°)(e? rer) s(erree rere » *))- 
V2)-2 = -48V2 -2+96in 
— (e° + ie®) (e? + ie®) (e? +e) - ; (e!! + e!5 + 19)? | 
ee ee 
20 


48 log(x) - 
vo (~1)* (602647 e?! (-i + e)? (14+ e) - 1 72 (14 e4 + 8)? — x) x* 
48 > a ee ee ee ee ae for 
k 
k=l 
x <0 





48 [log(- (602647 (e° + ie®) ((e” +i e*) (e” 4 e'°)) + ; (e° ereer+ee’ *)) = 
v2)- x= -48 V2 —-1™+ 





5 ic Ve +i cm er rely 2-11, ,15, 19 
n—arg[ 602 647 (e? +i e° \(e’ +i Hs te )-s (er +e.°+ F) — argtzo 
am (C. 
22 
48 log(Zo) — 


© (1) (602647 €7! (-i +e)? (1+e)- 5 e? (1+e4+ 8)’ - Zo) zoK 


48)" : 


k=l 


Integral representations 


1 
48 (log{- (602647 (e° + ie’) ((e” +i e*) (e + e’°)) + = (e° erveervee *)) iz 


3 
V2)-2= 
3 602.647 e7} (-i+e)? (1+e)-5 e7? (14et +08}? 1 
-48,V2 - +48 [ pat 
1 





48 (log{ - (602647 (e° +ie *\ ((e” +ie *\(e? +e%)4- 5 e+e eb +e’ *))- 
24 
V2)-2=-48V2 ~~ 
5 
= 1 1 -s 
{ * ——— (-1+ 602647" (-it ey (1+6)- —e” (1464 +e) 
-ico+y (1 = 5) y) 
T(-s)?r(1+s)ds for-l<y<0O 
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(1/27 (48 (n((- 
(602647*(((e%5+1*e%6)(e%7+1*e48 )(e%9+e% 10)))+1/2(((((e5 *e%6)+(e%7 *e%8)+(e49*e 
*10)))))*2)))-24(1/3)))-Pi))))42+276-(e*1n8) 


Input 
(— (48 (Iog{ - (602647 ((e° +ie°)(e’ +ie*)(e? +e'°)) + : (e° e+e’ e8+ 
27 2 


e” e”)) - v2} - r)) + 276 ~ e log(8) 


log(x) is the natural logarithm 
fis the imaginary unit 
Exact result 
276 — e log(8) + 
1 3 1 
—— (-x +48 (- V2 + log - - (e" +e° 4 ey - 602647 (e° +i e°) 
729 2 
7, 8/9. _10,\\? 
(c” +e) (+ e")})) 


Decimal approximation 
4360.09488922107744803436849469954766890 16887 1 1860436910089462857... 


324.3529456780825 1523623436055358248 124179214576934594365 18793850... 
i 


Polar coordinates 
Yr = 4372.142755718505672972680308 1799530655 76447178505 130325724238569 


(radius), @= —0.0742544837479408504073738585468 182177557603020193343740830916554 (angle) 


4372.1427557185.... =~ 4372 
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where 4372 is a value indicated in the fundamental Ramanujan paper “Modular 
equations and Approximations to 7” 


Hence 
64g = eX V™ _ 244 276e7V™ _ ..., 
649524 = 4096¢e-*V? +... 
so that 


64(g34 + 95524) = e* V? — 24 4+ 4372e-*V™ + ... = 64{(1 + V2)? +. (1 — V2)!7}. 


Hence 
em V2 — 9508951.9982.... 
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Polar forms 





1 
(276 ~ e log(8) + = ((48 V2 +7-24 log(1 452733626 436 e (1+ e)* + 


(602647 (1+ e)(e” -1)- 
1 22 
sf 0 +e" +é)) )) - 
2304 tan((1 205 294 e'3 (e” + e'°)) / 


((e° +e) (602647 e'* - 602647 e'”) - 
1 2\\2 
od terse? *)) )) : 


1 
—— 1024 (48 V2 +1-24 log(1 452.733 626 436 e4 (1+) + 
59049 : Bens 

(602647 <” (1+ e)(e*-1)- 3 ce (1+e44 *)) )) 


am| 1205 294 e}3 (e? + e!°) | 
(e? + e!°) (602647 e!4 - 602647 e'*) - : (eM +e + 29)? 
(cos{tan“"((32 Im(log{ - ; (e+e? +e)? - 

602647 (e° +ie°)(e’ +ie*)(e° +0 )) 


1 
(-7+ 48 (-V2 + Re(log(- F (e+e +e?) - 


602 647(¢° +i e°) (e” +i e*) (e° +e? / 
(243 (= ((-- +48 (- V2 + Re(log{ - ; (ec! + el +e! - 602647 
(e° +i e°) (e” +i e*) (e’ +e Ny - 
1 
2304 Im(log(- ; (ec +e +e’)? - 602647 
(e° +i e°) (e” +i e*) 
(e? + "”))) + 276-e log(s)}})) + 


1 
isin(tan”'{(32 Im(log(- ; (e") +e +e’)? - 602647 (e° +i e°) 


(e” + ie’) (e? +e? )) 

(-x +48 (- V2 + Re(log{ - ; (e" +e +e'°)? - 602647 
(e° +i e°) (e” +i e*) (e° te" / (243 
ee ((-« +48 (- v2 + Re(log(- : 


729 2 | ; 
(e° +i e°) (e” +i e*) (e? +e ))) - 


1 
2304 im(log(- > (e" +e 48 | = 
602647 (e° +ie°)(e’ +ie°) 


(e? + e))y) + 276-e logi®)}}})) 


e+e + 6!9)? - 602647 
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Approximate form 


1 
| [lr - ¢ logi8) + ((48 V2 +0-24 log(1 452.733 626 436 e" (1+ ¢)° + 


(602647 < (1+ e)(e” -1)- 
1 2\\2 
sf +e’ +é)) )) - 
2304 tan((1 205 294 e' (e” + e'°)) / 
((e° +e)? (602647 e'* - 602647 e'*) ~ 
1 (else 46! \"\y “ 
: Z 
S009 1024 (48 V2 +0-24 log(1 452.733 626436 e4 (1+ e)" + 
1 22 
(602647 < (1+ e)(e” -1)- e(1+e44 ey) )) 


4 1205 294 e}3 (e? + e!) 
tan ee ee a 
(e? + e'°) (602647 e'4 — 602647 e!”) — : (el +e 4+ el)? 


exp(/ tan” ((32 Im(log(- . (e+e? +07)? - 
602 647(c° +ie°)(e7 +ie*)(e? +e"%)}} 
(-x +48 (-v2 + Re( log - . (e'' +e + e'?)? - 602647 
(c° + 16°) (e7 +ie*)(e? +e")}}}}) / 
(243 (= ((-= + 48 (- V2 + Re{log(- ; (ce) +e +e")? - 602647 
(c* + ie*) (7 +ie®)(e? +e"))}}} - 
2304 im(log(- * (ell 4 gl5 


5 |e Po aa aad * _ 602647 (e? +ie°) 


(e” +i e*) (e° +e y) + 276-e logi8)}}}} 


tan! (x) is the inverse tangent function 


Im(zZ) is the imaginary part of z 


Re(z) is the real part of z 
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Alternate forms 


276 — e log(8) + 


1 2 
— («+ 48 (v2 _ log(- = e* (1+067 4°) + 602647 e7 (e + -i) (1+ e))} 





276 — e log(8) + 
1 1 
729 [+ +48 [ V 2+ = log(1 452.733 626436 e° (e’ +e)? + (( +e 


1 
(602647 e'* - 602647 e'*) - (e+e 4 


ona F 1205 294 e}3 (e? +e!) 
e’) } )-itan™ a a 
(e? + e!°) (602 647e'4 - 602 647 e'7) — 3 ( (e+e! 5 4 e!9) 





59 (201204 + 2304 23 4096V2 +074 


1 
2304 log’(- = (e" +e + e” — 602 647(¢° +i e°) (e” + ie’) (e° +e)? )- 
729 e log(8) — 4608 V2 
1 
log(- 5 =(e" +e 46°) = 602647 (e° +ie°) (e” + ie’) (e? + e° )- 


1 
seal (e+e +e’) - 602647 (e° +i e°)(e’ +i e*)(e? +e )) 





Expanded form 
256.243 32V2n 
276 + ———— + +—+ 
a ; 243 729 
a log?(- ; (e+ e+ e'’)? — 602647 (e° +ie°) (e” +ie*)(e? + "”)) - 
e log(8) - 
512 


~~ V2 2 log(-= =(e +e +e’) - 602647 (ec + ie) (e’ +ie*)(e? +0" )- 
32 1 
a r log{- ae +e +e'°)? - 602647(e° +ie°)(e’ +ie*)(e? +e° 


47 


Alternative representations 


i 5. ,.6)/.7., 8/9, 10, 1 
(5, (48 (tos{-(602647 (¢ tie )(e +ie \(e +e +5 
(ee +e’ e+e? ce” ?))- ¥2}-=)) + 276 - 
1 
e log(8) = 276 - e log, (8) + & (-x +48 (log. (-602647 (e° +ie°)(e’ +ie*) 
1 2 
(e? +e° = zlere tel el tere” *)-¥2})}) 





1 5, 6\/.7,..8\7.9, 10, 2 
(5, (48 t08{-(602647 (c tie )(e +ie \(e +e +5 
2 
(ce +67 Fee") V2)-n}}) + 
276 — e log(8) = 276 — e log(a) log, (8) + 


1 
[= (-x + 48 (logiay log. (- 602647 (e? +ie°)(e’ +ie*)(e” +e") - 
2 


1 
ple eter eter e” *)- ¥2}}) 





1 1 
& (48 (tog{ (602647 ((e° + ie°) (e” +i e*) (e° + e'°)) + = (e° e+e’ e+ 
2 
e e”))) - v2) - n)} + 276 - e log(8) = 
1 
276 + e Lij(—7) + & (-= +48 (-ti (1 + 602 647(e° + ie’) (e” + ie’) 


1 2 
(2? +e") 4 : (e> Pg ot 8 oF 20 ?)_ v2 }}) 
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Series representations 
& (48 (tog{- (602647 ((e° +i e°) (e” +i e*) (e° + e'°)) + ; 
(ee +e’ e® ‘en *))- ¥2)-x)) + 


cH) 


276 — e log(8) = 276 — e | log(7) - 
g | g » ; 





1 
729 
[-*- ss|-V2 + log(-1 ~ 602647 (e” + ie°)(e’ +ie*)(e’ + e'°) - 


1 1 
= (e" + Pi + e’° *)- > seu" (-1 + 602647 e7! 
k=1 


1 -k 
(-it+e) (1+e)- << (1 +e +e’) \ 





(2, (0 te(-(602647 (8 + 1e8)(e” +1e8)(e? +e") 
(ee Meese e *))- Y2)-x)) + 276 - 


8 = sa -1)* 8 k \-k 
e log(8) = 276 - ¢ 2in| BO | toga - ) . 
2 Sal k 


1 
729 


1 
[-r-48 -V2 + 2ix | —arg(—602647/(e° +ie°)(e’ +ie*)(e? +e") - 
T 
1 
5 (e" teP4 e’/ - x}| + 


1 
log(x) — ae 1) (602647 < (-i+e) (1+e)- 
k=1 


1 k 
5 eo (1c +e -x) =| forx <0 
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& (48 (tog{ - (602647 ((e° + ie’) (e” +i e*) (e’ + e'°)) + . 
(e° e+e e+ere” *))- v2)- r)) + 


arg(8 — 20) 1 
276 — e log(8) = 276 — e | log(Zp) + | (log =| + 1og(z0)] - 
2a Zo 


=, (- 1 (8 = zo) 20" 
by + 
k=1 k 


1 1 
= nr 49-2 2 + log(zo) + | =<are(-602647 (e° +ie°)(e’ +ie*) 
1 
(e? +e") - ; (el +e! +e!) - 20}| 


1 ao 1 
(ios{—]+ logtzo)} - > ~(-1)* (602647 e* (-i+ e)” 
20 mak 


1 k 
(1+e)- 5° +e' + 6°)? - 20) sl] 


(((48 (Un((- 
(602647*(((e%5+1*e%6)(e%7 +1*e48 )(e%9+e% 10)))+1/2(((((e%5 *e6)+(e7 *e%8)+(e9*e 
*10)))))%2)))-24(1/3)))-Pi)))* 1/15 


Input 
1 
(48 (log{ - (602647 ((e° +i e°) (e” + ie’) (e” + e’°)) + - (e° ese ere ec *)) - 
v2} -x) ~ (1/15) 
log(x) is the natural logarithm 


fis the imaginary unit 


Exact result 


l 
(-7+ 48(-V2 + log(- 5 (e" te s¢°1 = 
602647 (e +ie°)\(e’ +ie*)(e? +e” ))) (1/15) 
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Decimal approximation 
1.6438341845637785568623581320564536403348 14123948719897475196... — 


0.004336616723596455228539986136884467 122685794617301816507649631... 
i 


Input interpretation 
1.643834184 + i « (—0.004336616) 


fis the imaginary unit 


Result 
1.643834184... — 
0.004336616 i 


Polar coordinates 
r = 1.64384 (radius), @ = —0.0026381 (angle) 


2 
1.64384 = C(2) = 7 = 1.644934... (trace of the instanton shape) 


Polar forms 


[(« V2 +1-24 log(1 452.733 626436 e 4 (14 ¢)° + (602647 ec” (1+e) 


{e* -1)- . e (14074 Py) + 2304 
an| 1205 294 e}3 (e? + ¢!°) I); 
(c? + e'°) (602647 e!4 - 602647 e7) - 5 (el +e +e) 
(1/30) (cos{ = tan” (48 im(log(- . (e+e? +e)? - 
602647 (e° +ie°)(e’ +ie*)(e? +e" )))/ 
(-x +48 (- V2 + Re(log{ - ; (e') +e + e'?)? - 602 647 
(+ ie4\(e? +1e8)(e? +e) 
isin( — tan” ((48 im(log{- . (e+e +e’) - 602647 
(e° + 8e°) (e7 +ie*)(e? +e"®))))/ 
(-7+ 48 (- V2 + Re{log(- . (e+e? +e) - 


602647(e° +ie°)(e’ +ie*)(e? +e” yy) 
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Approximate form 


(v2 +m-24 log(1 452733 626436 e (14 ¢)° + (602647 ec (1+e) 


1 2\2 
(e? -1)--e* (1+ e4 + e*)? + 2304 
2 
a 1205 294 e'3 (e? + e”) 
oo Se eee Se 
(e” 7 e!°) (602647 ¢!4 - 602647 e!*) - : (el! $e 4 er 
1 1 
(1/30) exp(-= itan”'((48 Im(log(- : (e+e +e) - 
602647 (e° +ie°) (e” + ie’) (e° +e)? )))/ 
1 
(-x +48 (- V2 + Re(log{ - : (e+e +e)" - 


602647 (e? +ie)(e’ +ie*)(e? +e" ))))) 


Alternate forms 





1 
15} —1 + 48 (-v2 + log( - = °” (1+ e* + ey + 602647 e7! (e + =i)" (14 °))) 


2 





(-7+48(21 -V2+ log{ 
1 
> (—1205 294 — (1205 295 + 24105881) e + (1 205294 - 2410588 :) 


e” +1205294e° -2e° -3e -2e -e!” W)- (1/15) 
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[r+ 48 


. V2 +- = log(1 452.733 626436 e”° (e? + ¢'°)? + ((e” + e'°) (602647 e'* - 


2 
602647 e') - (e" +e” +e | )-isan-| 


1205 294 “3 (e? + e!°) m 
(e? + e!°) (602647 e!4 - 602647 e!?) - (e! 14 @l5 ad 


(1/ 
15) 


All 15th roots of -2 + 48 (-24(1/3) + log(-1/2 (e*11 + e*15 + e*19)*%2 - 602647 
(e%5 + 1 e%6) (e*7 + 1 e%8) (e%9 + e*10))) 


(2304 1m{tog(— = =(e 40 +0) - 602647 (ec +i€ Je tie )(e?+e' »)y + 
Lvem(a + Re{log(— = (e" +e +e) - 602647(€° +ie°) 
(e’ +ie° (e?+e° )))y )>a/30) 


1 
exp( = itan”((48 Im log{ - 602647 (e° +ie°)(e’ +ie°)(e? +e") - 


(e" re ae? *)))/ 
(-x + 48 (- V2 + Re{log{ -602 647(¢° + ie’) (e” +i e*) (e° + e'°) - 


1 
: (e+e? +e" )))))= 1.64383 - 0.00434 i 
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(2304 im(log(-= (e'' +e + e'?)? - 602647 (e° + ie°)(e’ +ie*) (e” + e))) + 
(-1+48(-V2 + Re{log(— 5 (el 4 4 ol)? 

602647 (e° +ie°)(e’ +ie*)(e + e))))y} (1/30) 

exp( = i (2 + tan” ((48 im(log(- 602647 (e? +ie°)(e’ +ie*)(e? +e”) - 

- (el +e4 eP))) /(-x +48 (-¥2 + Re(log{ - 602647 (e° + ie°)(e’ +ie°) 


1 
(e? + e'°)- (e+e + e°))))))))\= 1.50348 + 0.6646 i (principal root) 





(2208 um{iog(—2 fe!" +e +e)? -602647(e8 + ie8)(e7 +ie8)(@? +e%))) « 
(-n +48 (- V2 + Re(log{ - ; (ec! +e! + e!)? - 602647(e° + ie’) 
(e’ +ie*)(e? + ))))y} (1/30) 
exp(— i (4 n+ tan” ((4e im(log(- 602647 (e° +ie°)(e’ +ie*)(e? + e'°) - 
Let set seh 
48 (-v2 + Re(log(- 602 647(e° +ie°)(e’ +ie*)(e? +e’) - 


1 
; (e+e 4 e°)")))))))= 1.1032 + 1.2187 i 





(2304 im(log(- = (e" +e 4+ ey — 602 647 (e° +ie°) (e” +i e*) (e? + e))) + 
-n+48(-V2 +Re log| - - (e” +e +e)? - 602647(e° +ie°) 
(-1+40(-¥2 + Reflog(— > 
(e’ +ie*)(e? + e))))y} (1/30) 
1 “1 5. 6)/.7 , ;.8\(,9 , 10 
exp(— i(6x+tan ((481m{log(—602647 (e tie )(e +ie \(e +e )- 


w 1, ul. 15, 19\2 
ae +e +e P)))/ (-#+ 


48 (-v2 + Re(log(- 602 647(¢° +ie°) (e” +i e*) (e? + e'°) - 


1 
; (er +e + e°))))))))= 0.5121 + 1.56204 i 





(2304 im(1og(—= (e" te 4 e)? — 602647 (e° +i e°) (e” +i e*) (e’ + e))) + 
7 3 ER 5 10 5. 6 
( n+ 48( V2 + Re(log| 5 le +e °>+e \ -602647(e +ie’) 
(e’ +ie*)(e? + e))))y J (1/30) 


exp(— i (ex + tan” (48 Im(log(- 602647 (e° +ie°) (e” +ie*)(e? +e'°)- 


7 1,11, 15, 192 
mus +e +e })))/ (-#+ 


48 (- V2 + Re(log(- 602 647(¢° +ie°) (e” +i e*) (e? + e’°) - 


1 
: (er +e 4 e°))))))))= 0.16751 + 1.63528 i 





Alternative representations 


(48 (tog{- (602647 (e° +i e*) ((e” +i e*) (e° + e’°)) + ; (e° Pg + e e + e e"?)) = 
V2 )-)* (1/15) = 
(-x + 48 (log.(-602647 (e° +i e°) (e” + ie’) (e° + e°) - 


1 
5" e+e’ e +e el))- v2})- (1/15) 





1 
(48 (tog{ - (602647 (e° +i e°) ((e” +i e*) (e° + e'°)) + 2 (e° e® + e e + e e"?)) = 
V2 )-n)*a/15) = 
(-x +48 (logia) log, (- 602 647 (e° +i e°) (e” + ie’) (e + e’°) - 


1 
= (e° e+e ese? e")- v2)}- (1/15) 





1 
(48 (tog{- (602647 (c° + ie°) ((e” + ie*) (e” + e")) + (cP eh te ea eel” *)) 
V2 )-x)*a/15) = 
(-x +48 (-1i(1 + 602647 (e° +i e°) (e” +i e*) (e° + e°) + 


1 
aleve tere tere” *)-¥2))> ass) 


Series representations 


1 
(48 (tog{- (602647 (e° +ie°) ((e” +ie°) (e +e?) 4 - (ec? eo +e’ ef +e? *))- 
¥2)-2)*a/15) = 
[rl 3 . log(-1 ~ 602647 (e° +ie°)(e’ +ie*)(e? +e") - 

1 

=(e! ge yal ?)- 

2 
co (—1)* (-1+ 602647 e7! (-i+ e)? (1+ ¢e)- i= (1+ et — 

k 


k=1 


ans 





(48 (log{- (602647 (e° + 1€°) ((e” + ée*) (c” + e™)) + . (co +07 oF +7 e'”)?)) - 
V2)-2)*a/15) = 
[-r- ss[¥2 + 2in| —arg(—602647 (ec + ie°)(e” +ie*)(e? +e") - 
=f 11 +e +e%P-x}]+I0g09- 
- Paris 
Ei (602647 < (-itey (1+e)- ~< (itet+e®) -x) 


«| “(1/15) for x <0 
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(48 (log{ -(602647 (c° + #€°) ((c” + de®) (e” + e™)) + ; (ce +07 +e e™)")) - 
V2 )-2)*as1s) = 


1 
+ + 48 [-¥ + log(zo) + |= <are(-602 647(e° +ie°)(e’ +ie*)(e? +e) - 
7 


1 
: (el! aga e!? ez 20}| 


oo 


tos{ = ) + logtzo)] = os 


k=] 
(-1)* (602647 e”! (-i+eP(1+e)-3 ec? (14 4 + 8)? — 29)* 25 


k 
|Jrons 


Integral representations 


(48 {log{ - (602647 (e° +ie *\ ((e” +ie *\(e? resi (Pesce rere m *))- 
¥2)-2)*ay15) = 


3 602647 «7! (~itey? (1+0)-5 7? (Lre* +28? 1 
15} -48 V2 -1+48 a 
1 








1 
(48 (log(- (602647 (e* +ie *) ((e” tiel(er+er))+ (Perec rere sa *))- 
a oe 
(- n+ 48(- Cae fans (- aes 
20 J-ic+yT(1 = 5) 


(e’ +ie® \(e? +e'°)- = (e" terse?  & 





r-s? ra +s)ds}}* 1/15) for-l<y<0O 
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From: 


ZETA-FUNCTION REGULARIZATION AND MULTI-INSTANTON 
DETERMINANTS - E. CORRIGAN, P. GODDARD, H. OSBORN, S. 
TEMPLETON - Received 25 June 1979 


Now, we have that: 


a 
x? = det( PY = bayer — Br? ; 
Y x 


(4.2) 
: 1 
650) = 5 f trar(x, x) 5uxXx) d*x (4.14) 
= l 4 
rm fttPyvFuv) cole) dx (4.15) 
5 tr(FypF yp) = 077 
l 1 
S6n2 fF w) Sw d*x err: fer + Tux) d*x (4.24) 
ee ARa2 fim {@, T(o - TyuXpy) — Try } dS, ? (4.25) 
5¢(0) = + trw ( attr'a’b)(b'b)'] — tko (4.27) 
= 7s trw[(b*a by + 8y*a*b) (b*d)-!] — Ak tr(5x — 5a) (4.28) 
= + trw [6(b*)) (675)! ] — 4k tr(5x + 5a) (4.29) 
= + 4 In [det(b*b)?x~7*] , (4.30) 
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For k=2 and ((((V(10-2V5) -2)((V5-1)))) =k: 


1/12 8 Inf((k*2)*2*((((V(10-2V5) -2) K(V5-1))))4C4))] 


Input 
—_. 
= =” log} ———— 
heer 10-2 V5 <2) 


log(X) is the natural logarithm 


Exact result 


1 _ (vs -1h RK | -1)*k4 


2 |(vi0- 2Vv5 - 2) 


3D plot (figures that can be related to the D-branes/Instantons) 
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Contour plot 





Alternate forms 


= diog{(41 +16V5 +4V185+82V5 Je) 





= 5 [ios(k’) -4 log{V 10-275 - 2| +4 log(V5 = 1) 


Alternate forms assuming k and 6 are positive 


aE [i+ v5 + f2ts+-¥5) |p 





; 5 toga - log{ Vi0-2.V5 - 2| + log) V5 = 1) 





1 1 
= 6tog(V 10-2V5 -2)+ 3 dlos(V'5 - 1) + 3 dlogtk) 


Alternate form assuming k and 6 are real 


1 1 k4 
—édlo v5 -1 — é6log| ———— 
: g| o- g 


( 10-2V5 -2) 
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Real roots 


2-V10-2V5 








k= 
V5 -1 
_ V10-2V5 «3 
V5 -1 
6=0 


Complex roots 


k = -0.28408 i 





k = 0.28408 i 


Property as a function 
Parity 


odd 


Series expansion at k=0 


‘ | 
—, Slog|(41 + 16V5 +4 185+82V5 Jit} + ofk°) 


(generalized Puiseux series) 


Series expansion at k=oo 


~ diog((41 +16V5 +4 Viss+82V5 \x*}+ o((;)) 


(generalized Puiseux series) 
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Derivative 


oO 
~ 3k 


sees [ae 10-2V5 =| 
V5 -1 
Indefinite integral 


1 (-1+ V5 )*k4 
5 log Ama] dk = 


Vio-2V5° 


Fork =2 and 6 =0.5, we obtain: 
1/12 *0.5* log(((sqrt(5) - 1)44 * 2%4)/(sqrt(10 - 2 sqrt(5)) - 2)4) 


Input 


1 (vs -1)° 
— «0.5 log} — 


a (vi0-2v5 -2) 


log(x) is the natural logarithm 


Result 
0.3252749894539850203670708941508681587574025638210254399438368774 


0.32527498945.... 
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Alternative representations 








1 (v5 -1)*24 1 2*(-1+¥5)4 

75 0-Skog| —————— —, |= 5 x05 bog,| 
[V10-2V5 -2) [-2+ V10-2V5 | 

1 (v5 -1)*24 2*(-1+¥5)* 

= 0.5 log] ————— > | = — «0.5 log(a) log] ——-———_——— 
[V1o-2v5 -2) [-2+ V10-2V5 | 

1 (v5 -1)*24 1 2 (-1+¥5)* 

— » 0.5 log = rh mb a 1- 


2 (vi0-2v5 -2) 


Series representations 


1 (v5 -1)' 24 
OS log] | = 0.0416667 log] ~1 + 
[v 10-275 - 2) 
16(-14+¥5 }* 
eal Poy es ee 
co | [-2+V 10-2V5 y 
0.0416667 >’ 
k=1 k 


(-2+ Vi0-2v5 J 


16(-1+ V5) 


(-2+ Vi0-2v5 J 
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(v5 -1)*24 


1 
= <0. 108 on 


= (vi0-2v5 -2) 


16(-14+V5 }* 


[-2+V 10-2V5 y 


0.0833333 iz ee + 0.0416667 log(x) — 
Tv 


arg|—x + 


16(-14V5 }* 
[-2+v 10-2 V5 y . 
k tor x 


(-1¥ x* c + 
0.0416667 )° <0 
k=1 





(v5 -1)*24 


1 
—*0.5log] ——_——_—__ |= 


7 (Vio-2v5 -2} 
16(-1+ VF a0 (2] 
(-2+Vo-av8 Ys,[2}o-2vsy*} 


0.0416667 log 


Integral representations 


16(-1+V5 }* 


(v5 -1)' 24 [2Wi0-2v5 J 1 
Pha 


[v 10-2V5 -2) 


1 
— » 0.5 log = 0.0416667 i 
12 1 
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1 (v5 -1)*24 
— » 0.5 log = 


oe (vi0-2vs -2) 7 


T(-s)?T(1 +s) [ + 


16(-14V'5 }* 
= 
0.0208333 iC (-2+ 10-2 V5 y ; 


S§ fol 
ix -i co+y T(1 - 5) 


From which: 


142(((1/12 *0.5* log(((sqrt(5) - 1)4 * 244)/(sqrt(10 - 2 sqrt(5)) - 2)44)))) 


Input 


(V5 -1)*x24 
[v 10-2V5 -2) 


1 
1+2]— x05 log 
12 


log(x) is the natural logarithm 


Result 
1.6505499789079700407341417883017363175 14805 1276420508798876737548 


1.6505499789.... result very near to the 14th root of the following Ramanujan’s class 
invariant Q = (Gso5/G101 ey = 1164.2696 i.e. 1.65578... 


Alternative representations 


2 
1+ — |0.5 log 


(v5 -1)* 24 1 24 (-1+¥5)4 
= 1+ — log, 


(vio-2vs -2) 2B (-2+ V10-2v5 } 
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= 1+ — log(a) log, 


: Les (V5 -1/'24 | 1 2*(-1+¥5)* 
+= og SE nT 
[V10- 2v5 - 2) W2 [-2+ 10-25 } 





(v5 -1)* 24 1 2*(-1+V75)* 


2 
1+ — |0.5 log; ——— |] = 1- — Li,]1- 
12 § 1 


(vio-2vs -2) 7 [-2+ 10-25 } 


Series representations 


FF 2 
1+ = ns (Va0=av5 2) 
10- V10-2V5. 


ae _ 
[-2+ 10-25 J 


-k 
(-k [ ‘4% 16{-14+¥5 }* 


[-2+v 10-2V5 y 
k 


1 + 0.0833333 log} —1 + 


0.0833333 > 
k=1 
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_ (v5 -1 2 1)* 24 
[Vio-2v5 10- 2Vv5 
fen i }) 
[-2+ 10-2v5 J 


1 + 0.166667 i x 3 + 0.0833333 log(x) — 
rf 


2 
14 — [0S )e8 |) S—JH§!S!#!S 
12 


16(-14V'5 j* 


[-2+V 10-2 V5. y 


k 


(-1 x* : + 


0.0833333 > 
k=1 





-1)*2* 
0.5 log 
4 a V10-2V5 2v5 


0.0833333 | 12 + “| [a o-n S,[s]o-2r] 


ae emo 


v5 V9-2V5 Y™, [2 io- 2v5)*) 


Integral representations 


16(-1+V5 |* 
_ (vs -1'2 1)" 2 [2+ 10-2V5 y 1 
1+ = — 5 [0-5 los = = 1+0.0833333 [/ ; 
1 


[v10-2V5 -2) } 


dt 
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2 
1+ — |0.5 log 
12 


“5h 


ic 
restrain] 1+ iat 
0.0416667 in (-2+V 10-2 vs y 
a ————— 


i ooty I(1-s) 


; ds § 
ix 


(((1+2(((1/12 *0.5* log(((sqrt(5) - 1)44 * 244)/(sqrt(10 - 2 sqrt(5)) - 2)*4)))))))415- 
76-29-4-(((1/12 *0.5* log(((sqrt(5) - 1)*4 * 244)/(sqrt(10 - 2 sqrt(5)) - 2)*4)))) 


Input 


v5 -1) 
1+2 etl fiom ave —2) 
V10-2V5 - 


_ (V5 -1)'x24 | 


eas 7 


76 — 29 - nee 0.5 log 
12 


log(x) is the natural logarithm 


Result 
1729.03... 


M29) vex 


This result is very near to the mass of candidate glueball f9(1710) scalar meson. 
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic 
curve. (1728 = 8° * 3°) The number 1728 is one less than the Hardy—Ramanujan 
number 1729 (taxicab number) 
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Alternative representations 


bee 


(v5 -1)*24 
76 - 29 - 4-— i = -109- 


[V1o-2v5 -2} 


1 24 (-1+V75)* | 1 | 24 (-1+ V5)" | 
— «0.5 log] ——————~_ | + ]1 + — log, ane 


12 4 
= (-2+ 10-25 | 2+V¥10-2V5 








bates all 


(v5 -1)* 24 
76 — 29 - 4-— 0.5 log] ————"—_ |» 
[V1o-2V5 -2) 
109 - 0.51 (a)1 Pee 
- = og(a |. |. 5 
24V¥10-2V5 
: E sii Gaeany 
+ — 1og(a (2+ Vi0-2v8 J 
ae 10-2V5 
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abe ees 


| (v5 -1)'24 
76 -29-4-— 0.5 log] —-———— ] = 
12 ( 


V10-2V5 -2) 





1 24 (- 1+V¥5)' 
a1094-= a ik ee re + 
10- VG) 
1 “cat 
a Caelisaegsy 
12 
Vio-2V5. 2Vv5 
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Series representations 


2 v5 -1) 
1+ 0502 


= one 10- 2v5 -2) 
jolt 


1 
76 — 29 - 4 - — «0.5 log; ——_W———__|= 
12 


(Vio-2v5 -2) 


16(-1+ V¥5)* 
-—109 + | 1 + 0.0833333 | log] - 1 + ————___——_- 


[-2+ 10-25 } 


err -k \\15 
cota. 16(-14-V5 | 


[-2+ 10-25 y 
— 0.0416667 
k=1 k 
-k 
(-1)*|-14 16(-14V5 }* 
16(-1+ ¥5)* oo [-2+v 10-2V5 y 
= + el - 

[-2+ 10-25 | k=l 
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abomf eee 


(v5 -1)'2t | 
76 -29-4-— « 05log = 


y ss 
[era amr ee aA 


2] 


[-2+Vo-2v5 Ye, 2 Jo- 2v5)*) 


— 109 +} 1 + 0.0833333 log 


0.0416667 log 
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1+ = 0.5 log] ———————_ oe oe 
[V10- 2v5 - . 


-1)* 24 
ee ee — » 0.5 log 
12 


Tent 


ial tied 16(-1+¥5 }* 
(-2+v 10-2v5 J 
ee = 


2x 


—109 + | 1+ 0.0833333 | 2iz 


k\\15 
e 16(-14V5 }* 
(-1 x*|-x+ “= 
© | [-2+v 10-2 V5 J 
lo _ —_—_Joee 
g(x) 2, " 
sitég| aac 16(-14V¥5 }* 
(-2-Vio-2v5 J 
0.0416667 | 2 i | ————-——————_| + log(x) - 
2m 
3 _16(-14V5 6 
(-1 x* | -x + —“———_ 
oo | (- 24V 10-2V5 5) 
yr ( 
k 


n 
a is the binomial coefficient 
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From: 


Lectures on the Mass of Topological Solitons - Heat kernel/Zeta function control 
of one-loop divergences - A. Alonso Izquierdo, W. Garcia Fuertes, M.A. Gonzalez 
Leon M. de la Torre Mayado, J. Mateos Guilarte, JM. Munoz Castaneda - 
arXiv:hep-th/0611180v2 - 5 Sep 2007 


We have that: 


If o is a natural number, the reflection scattering coefficient is zero for both K' and K??2. The 
Cahill-Comtet-Glauber (CCG) formula can be applied. This formula gives the one-loop mass shift 
of one-dimensional solitons from the energies of their bound states. Applied to the TK1 kink of the 


BNRT model it reads: 


AM(¢?*!) _ _hm ( 


Tv 


1 N-1 
2(sin8; — 0;cos@;) + > N(sina; — oa) . (11) 
i=0 l=0 


The angles are defined in terms of the eigenvalues of the bound states of K"™ and K??: 


1. V3 
— , 6& =arccos( 
2 2 


Thus, for the first five cases we obtain: 


(2N —I)l 
a, = arccos( ~——_——— ) 


N 





— 


0 
4 = arccos(= ) = 


ala 
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1 
ag = ; , singp = sinag = 1 ‘ sin); = 3 
> os 
TK1,_,;_3 eas 
AM(¢°*") = ( mh a + aim — = Pied 0.984564hm 
2.0=2 
a ZTK1y _ ae nee 
a1=F ; AM(¢@° **) =(-= = + =g)hm =i aya = —1.33251hm 
3.0=3 
(CS), sina = 5 @%2) | sinay = 4 
ay =arccos(—) , sinajy== , a2 = arccos(2—) , sinag== 
3 3 3 3 
AM(@T*) = (-3.4 Lem —(8 2 (VBarceos( 2) 4+2,VBarccos(22)))him = —1.75076hm 
33 x 1 3 3 
4,.0=A4 
ar ( a in : v3) in 2 
a, = arccos(—) , sina, = — ; ag = arccos(2—) , sinag=— 
4 4 4 4 
a3 = arccos( des sina3 = : 
3 4 ? 3 4 
AM(éT*!) = (-=+ sah = (= = 1 ( Vrarcoos( 2) + 2VGarcoos(? Y3) 4 
+ VTBarccos(® )))hm = —2.24628hm 
5. 0=5 
(S) , sini = 5 eS) , sinag=3 
a1 =arccos(—) , sinaj==+ ; a2 =arccos(2—) , sinag== 
5 5 5 5 
a3 = arccos( = sina a Qa iene sina : 
3 eo ’ ss ? 4= = ? 4-7 
5 5 5 5 


AM(é'*!) = (-<+— eee 5 1 VGarccos( 2) + 2Vaarecos(2M4) + 


2v3 
VBlarccos( 22) _ 2VBareces(7)) im = —2.82180hm 


Thence, we obtain: 
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(2.8218*6.582119*10%-16*2.16e+9 + 2.24628*6.582119*10%-16*2.16e+9 + 
1.75076*6.582119*10%-16*2.16e+9 + 1.33251*6.582119*104-16*2.16e+9 + 
0.984564* 6.582119*10%-16*2.16e+9) 


Input interpretation 


2.8218 x 6.582119» 107° « 2.16» 10° + 2.24628 « 6.582119. 10°!° « 2.16» 10° + 
1.75076 « 6.582119» 107° « 2.16. 10° + 
1.33251 x 6.582119 107° « 2.16. 10° + 
0.984564 = 6.582119. 107° « 2.16» 10° 


Result 
0.000012988873394301456 


0.000012988873394301456 


Inverting: 


1/(2.8218*6.582119*104-16*2.16e+9 + 2.24628*6.582119*10%-16*2.16e+9 + 
1.75076*6.582119*10%-16*2.16e+9 + 1.33251*6.582119*104-16*2.16e+9 + 
0.984564* 6.582119*10%-16*2.16e+9) 


Input interpretation 
1 / (2.8218 x 6.582119 « 10°'® «2.16 « 10° + 
2.24628 x 6.582119 « 10° '® « 2.16 10° + 


1.75076 = 6.582119» 10°!° « 2.16» 10” + 1.33251 » 6.582119. 10° 2° 
2.16 « 10” + 0.984564 x 6.582119» 10°'° « 2.16» 10”) 


Result 
76988.971225073688072193875930892665296339928331926471818281761405 


16988,9 122507 ons 
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From which: 


1/((4e4(1/14)In4(9/14)(3))/dn*4(2)))((A/(2.8218*6.582119e-16*2.16e+9 + 
2.24628*6.582119e-16*2.16e+9 +1.75076*6.582119e-16*2.16e+9 + 
1.33251*6.582119e-16*2.16e+9 + 0.984564*6.582119e-16*2.16e+9))))*2 


Input interpretation 


1 
a'Ve log?! 14,3) 
log* (2) 
(1 / (2.8218 x 6.582119 « 10°'° x 2.16» 10° + 2.24628 6.582119 « 10°"° 
2.16» 10° + 1.75076 = 6.582119 » 10°'® « 2.16» 10° + 
1.33251 x 6.582119 « 10°" « 2.16» 10” + 
0.984564 x 6.582119 « 10°'° « 2.16» 10°)? 


log(x) is the natural logarithm 


Result 
2.99792... x 108 


Result 

2.99792458088242458200121966604001688361164898874829205023917... x 
108 

2.99792458...*10°=c 


4372-sqrt(((1(2.8218*6.5821 19e-16*2.16e+9 + 2.24628*6.582119e-16*2.16e+9 
+1.75076*6.5821 19e-16*2.16e+9 + 1.33251*6.582119e-16*2.16e+9 + 
0.984564*6.582119e-16*2.16e+9))))+@ 


Input interpretation 


4372 - 
y (1/(2.8218 x 6.582119 « 10°" «2.16 « 10” + 2.24628 x 6.582119 « 10°*° 


2.16» 10° + 1.75076 = 6.582119. 10°'° « 2.16» 10” + 
1.33251 x 6.582119» 10°! « 2.16» 10° + 
0.984564 « 6.582119 « 10°'° «2.16 10”)) + 


@ is the golden ratio 
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Result 
4096.149... 


4096.149.... = 4096 = 64” 


27sqrt(4372-sqrt(((1/(2.8218*6.5821 1 9e-16*2.16e+9 + 2.24628*6.582119e- 
16*2.16e+9 +1.75076*6.5821 19e-16*2.16e+9 + 1.33251*6.582119¢-16*2.16e+9 + 
0.984564*6.582119e-16*2.16e+9))))+@)+1 


Input interpretation 


27 ,{(4372 - (1/(2.8218 6.582119 « 10° « 2.16 10° + 2.24628 


6.582119. 10°!° «2.16. 10” + 1.75076 6.582119 » 10°!° 
2.16» 10° + 1.33251 x 6.582119» 10°!° «2.16» 10” + 
0.984564 6.582119 « 10°" x 2.16 10")) +4) +1 


@ is the golden ratio 


Result 
1729.031... 


P29 U3 Lies 


This result is very near to the mass of candidate glueball f9(1710) scalar meson. 
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic 
curve. (1728 = 8° * 3°) The number 1728 is one less than the Hardy—Ramanujan 
number 1729 (taxicab number) 
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(27sqrt(4372-sqrt(((1/(2.8218*6.5821 19e-16*2.16e+9 + 2.24628*6.582119e- 
16*2.16e+9 +1.75076*6.5821 19e-16*2.16e+9 + 1.33251*6.5821 19e-16*2.16e+9 + 
0.984564*6.582119e-16*2.16e+9))))+@)+1)*1/15 


Input interpretation 


(27 /(4372 - \/ (1/(2.8218 x 6.582119» 10°"° «2.16 10” + 


2.24628 « 6.582119 101° « 2.16» 10° + 
1.75076 = 6.582119» 10°'® « 2.16. 10” + 
1.33251 « 6.582119 » 107° « 2.16» 10° + 0.984564 
6.582119 « 10°" x 2.16 10°) + 4) + 1) * (1/15) 


@ is the golden ratio 


Result 
1.6438172... 
2 
1.6438172.... = ¢(2) = ns = 1.644934 ... (trace of the instanton shape) 


Ramanujan’s integral 


Now, we analyze the following fundamental integral developed by Srinivasa 
Ramanujan: 


e(X) Jye(y) 
Jusé v—€ iré 
| ows yf +E € dé 


_ -it/2 


2cos{ +t} u+v)/2 
2 22 pit/2 
xo ete yp ye ehh 







x J 2.cos (5 t) (x*e —it/2 | 2 aia) | elt (y-w/2 


+ye 








y+y 


where J,, (2) is a Bessel function of the first kind. 


More information » 
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For J =3: 


[((2cos(1/2 t))/(x42 e(-1t/2) + y*2 eAGt/2))]4((3)/2)  xJ_3 [sqrt(2cos(1/2 t)(x’2 e(- 
it/2) + y42 e(it/2)))] e4Gt(1)/2) 


Input 


| 2 cos{ | t) 


2 ei t/2 + y? efinl2 


3/2 
; — | 
| i 2cos{= t t}(x7e ~ixt/2 +y" cna) 1/2 


Jy(Z) is the Bessel function of the first kind 
tis the imaginary unit 


Exact result 


cos| 3) 


3/2 
pris , “(ity t 
2V2 eibl2 . 4 [9 (e (ity/2 »2 , elitil2 y’) cos| — 
-(it)/2 2 (it)/2 ,,2 
oF 0/2 x2 4 eid y - 


Alternate forms 


st 1 it 3/2 ; ; 
lee +e J a4 ( +e‘) x? + (1 +e)?| 


x uel 








et m2, (injf/2 3/2 
e ry/2 +e J 
el t)/2 2 {it)/2 ,,2 3 y 


oe + >") ore x + eiblz =) | 
xe+ter"’y 








eli ty2 cos| fy 


2 V2 cos(*) Falty uf (e “0022+ 0? 2) cos) 
x ; 
2V2 x? cos(*) ,/ Se 1fv3 (e “002 2 yeas) 
y? (x? + eft y’) 
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Expanded form 


t sty 
2 V2 eid/2 cos( 5) See Te uf (et 1/2 y2 4 in/2 y?) cos( £) | 


e inl2 x2 + eini2 y? 


Alternate forms assuming t, x, and y are positive 


E v2 cos"”( =) on i t +20 | 


ms |-(arg(e# V2 (x7 4e!! y" )}+arg(cos{ 5))-n)/(2) | 
J3|(-1) 2 V2 


4itj/2¢.2. it 2 t it (2, it . 23/2 
e (x" +e" y°) (5) |] /c (x" +e y°)) 


arg(e“@ "2 (x? + eff y?)) - arg(cos( )) +7 
2x 





ar —({it)/2 x2 + (it)/2 ,,2 arg(cos( +)) 1 F 
[eva cos § exo —- ——— 4-|4 da 


2x 2x 2 2 
arg( ei D/2 x2 4 plin/2 y2 arg(cos{=)) l 
sv cxf - me es) y) ~ ——*- 4- | 
2X 2X 2 


| tury ny t tity . ' 
e {iryj2 x + et r)/2 y? cos =) W/« (it)/2 x? + efi ryf2 Pe 
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Derivative 


a | 2cos( =) 


3/2 
t as a i 
|; Js 2cos{ —)(x? et??? + y? ef?) ei di2| 
x e t)/ + y ef DI 2 


[2s cos( 5) |] 
{v2 [ (etre x2 4 eli? y’) cos( =) |. 
sv (en v2 4 eid? y?) cox{ =} }/ 


| cos 5) ier x? + eidl2 y’) |. 


ox 





(e“ini2 x2 + eli bl2 y?) cos >) 


t 
6 V2 xc0s(*) «| ase uf v2 


ett ty2 x ell 2 ¥ 


(e“ 1/2 x2 + eli l2 y’)? 





For t = 42: 


cos{ *) 


3/2 
ay, j . any, t 
(in)/2 2 -(it)/2 2 (in/2 2 a 
2V2e TAip2 x2, pli v2 5] sfVv3 (e x+e yy eo 5) 


2 sqrt(2) e(i*4P1)/2) (cos((4Pi)/2)/(e*(- (4Pi))/2) x42 + eA((a (4Pi))/2) y*2))(3/2) 
J_3(sqrt(2) sqrt((e*(-G (4Pi))/2) x42 + eA4(( (4Pi))/2) y*2) cos((4Pi)/2))) 


Input 
1/2(ix4 cos( it 
2V2 ia 1/2(i(4 2 1/2(i(4 2 
et! (if my +e! (i my 





fv 


-1/2(i(4m)) 2. _1/20(4m) .2 4x 
(e /2(af ™ y +e"! (if My eo *)] 


Jy (2) is the Bessel function of the first kind 
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fis the imaginary unit 


Exact result 


2v3 | : | a(va ve +y') 





x? + y? 


3D plot 


0.06 

0.04¢ 
0.02), 
0.00% 





We note the following connection with the below plots concerning the Riemann zeta 
function, principally with the second figure: 


Re[dix+i)] ciety) 
= 4 ; 





https://mathworld.wolfram.com/RiemannZetaFunctionZeros.html 
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Contour plot 





Alternate form assuming x and y are real 


oF: 4; - 4 


2 


oF iG a; X) is the regularized hypergeometric function 


Alternate form assuming x and y are positive 


2VvB Js(V2 Vx? + y? | 


(x? + y?)"" 
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Series expansion at x=0 


“ap y io —— 


V2 : 4 y® 
Partial derivatives 


al MRA 


Ren re 


+ o(x®) 


(Taylor series) 








ey (x? + y’)? 











Aagesaie Gaia ek ee 
kel eens Race a 


bFas (x? + y*)? 


For x=4 and y=8: 


aac) OIE?) 
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2 sqrt(2) (1/(442 + 8%2))(3/2) BesselJ(3, sqrt(2) sqrt(442 + 8%2)) 


Input 
1 3/2 ; 
2v2 ial [V2 V4? +8"} 
4? 4 8? 
J, (2) is the Bessel function of the first kind 


Exact result 


J3(4 V10 ) 
80 ¥10 


Decimal approximation 
0.0003 136757872854398 166470437 1537267445987800695 18421688980189654 


0.0003 1367578.... 


Alternate form 
oF 1(; 4; —40) 


oF 1(; a; X) is the regularized hypergeometric function 


Alternative representations 


vi (a.e) [v2 V aes 
rnin f a Vee =! 





=) (;v2 Va+8*) v2 








2V3 (5-5 ih (V2 V4? +6?) = 
anion par ee 


(4) 


(2 V2 V42+8*) V2 
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2v3 (5 


i 3[v2 V4 48° ) = 


CH tal NERY 


(iv2 Vatoer) 


Series representations 














ee 1 (-40)* 
2V3 (5 ry s(V2 V4 tat) 
isa x, eee 
2v2 ( 3o[V2 Va?+8"] St eee kt T(4+k) 
47 + 82 s0Via 
~ (4V10 - zo SOK X20) 
1 3/2 4 Aa mt) 
2V2 (515) [va Ve?) =- = 
47 + 82 30 Vi0 


Integral representations 





2V3 (5 =) (v2 V4 +8 ?) = se [1-2 costa V0 a) at 
2V2 (=~) (v2 Ve +8*)= = —— [["“cos(3t - 4 V0 sin(t)) at 
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—40/t+t 








dt 


1 3/2 i “ico+y @ 
2v2 ( o[V2 V4 +8") =- | 
WT 


42 + 82 ~icoty t* 


Inverting: 


2 sqrt(2) (1/(442 + 8%2))4(3/2) BesselJ(3, sqrt(2) sqrt(4*2 + 842)) 
Input 
————————— 
2V2 Fry Ja[ V2 V 42482 
J, (Z) is the Bessel function of the first kind 


Exact result 


80 ¥ 10 
J3(4 V 10 ) 


Decimal approximation 
3188.0050693553099064460925604642531158090131034730458409850725737 


3188.0050693553.... 


Alternate form 


1 
oF \(; 4; -—40) 


oF 1(; a; X) is the regularized hypergeometric function 


88 


Alternative representations 























1 
2V2 (a5 ye sa V2 Vv 47 +87 
1 

2oFi(s4i-1 (V2 V4?+8?) (sts)?(1 V2 Va?+ 8?) V2 
oe 
2Vv2 (a5 7 sa V2 Vv 4748 

1 

20F) (:4:-} (v2 Vase? F (S45 pi? (3 va Va2ae? | VE 

nn <7 
ee ee, eee 
2V2 (gia) sa{v2 v4? +8? | 2ig(i v2 V4?48? | GLa)? [v2 V4?a8? J v2 Vas? (S15)? (va Vaas? P vz 


[iv2 Vv 47 +87 y 


Series representations 











1 6 
Li of 425 gt ~ Se 40k 
2V2 (a3) so(V2 ee =0 kt(4)x 
1 80 V10 
13/2 Fan) Tm eayk 29/243 k 53/24k 
2V¥2 (345) so(V2 + +6 ae kIr(4+k) 
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1 80 ¥ 10 
No ke {0,k) 
2V2 | 1 a V2 [roe ) yO zo} Jy (Zg) 


47 482 k! 





Integral representations 

















ONTO 
2v2 (zt z *? po(V2 448° | fycos(3t - 4 V 10 sin(t)) dt 
er eee ee 

3/ ~ 16 [yy — 22)5/2 
2V2 (= mh * sa[V2 V4? +8? | 16 [; (1-t*)* cos(4 V 10 t) dt 
ee Qin | 

3/ e uae er 
2V2 (=" =) * Ja[V2 V4? +8? | Lire ae 


For x =8 and y= 16 


2 sqrt(2) (1/(842 + 16%2))4(3/2) BesselJ(3, sqrt(2) sqrt(8%2 + 16%2)) 


Input 
2v3 (5 a) 1o(v2 Ve +16" | 


Jn(2) is the Bessel function of the first kind 
Exact result 


J3(8 V 10 ) 
640 ¥ 10 
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Decimal approximation 
0.00003399235 18963326771724870531449537642092672348 152569 184807485 


0.000033992351.... 


Alternate form 
oF \(; 4; — 160) 


oF 1(; a; X) is the regularized hypergeometric function 


Alternative representations 


2v3 (= =) *ao(V2 V8? + 167) = 
salen t (oa VPaeY 





(= va V8? +16 ) v2 


82 + 162 








1 (gig) 
2oF:(;4;-} (V2 Ve? +16) Gee ar al V2 V8? +16 ) v2 


(4) 








2v2 E + 162 y [V2 8° +16" ~ 
21s[iv2 V8? + 16 }( ERE sig)” (v2 Ver+ 16) v2 
(i vz Ve? +167 
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Series representations 














’ 1 60)* 
2v2(—— vil *as(V2 Vs" +16") = =- 
a2 4. 6 ar 
> (-1yk 15/245k_53/2+k 
3/2 i emmrtrvnraaedl 
2v3 (5-5) J(V2 V8" + 16" ) = fo era 
87 + 16 anataa 
pind (8V10 -zo S029) 
nn 
2v3 (=) *a3(v2 Ve? +16? ) = = —__# 
+16 ee 


Integral representations 


2v3 (= mil ‘a(v2 Ve +167) = = “( 1-t’)"? cos(8 ¥10 t) dt 














i , -160/t+t 
’ “i oo+y f 
2va (=) *aa[v2 V8" + 167 )=- =e : dt for y>0 
+1 162 On -Loo+y t? 
1 we 
22 ( Jo[V2 V8? +16" } = 
8? + 162 
cos(3t - 8 V 10 sin(t)) dt 
640V¥ 107 ae 
Inverting: 


1/(((2 sqrt(2) (1/(842 + 16%2))(3/2) BesselJ(3, sqrt(2) sqrt(8%2 + 16%2))))) 
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Input 


2 v2 ( vi eae) 


(sae ret 
Jy (2) is the Bessel function of the first kind 


Exact result 


640 ¥10 
J3(8 V 10 ) 


Decimal approximation 
29418.382201082317713783427691816103831845858954446570792731463201 


29418.38220108.... 


Alternate form 


1 
oF 1; 4; — 160) 


oF 1(; a; X) is the regularized hypergeometric function 


Alternative representations 


2v2 ( Cra 


(sae 2) 
2ofi(; 4;-} (v2 Ve?+ 16) )( == )9? (1 v2 Ver +16? v2 


87 4 a) 
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1 


2V2 (54, uae Ie : 





2oFi(:4:-} [v2 v 874167 r\ 2 (3 V2 V8? +16" } vz 


82 2ua) 
r(4) 








1 
ava (=i) Jo(V2 Ve 16 | 
1 





2ig(i V2 V8? +167 Va i? (v2 v8? 4167 J vz 


iV2 V¥ 824162 
(iv? Vets? J 


Series representations 











1 6 
2¥2(34,)" so(V2 2 ¥ 82 +16 ) pet clear 
1 - 640 ¥10 





874167 ° oat =0 kt (44k) 





1 640 ¥ 10 
1__\32 2. 162 vo (8V10 -zo JP*z9) 
2(s45 3{V2 Ve + 16 ) ye eee 
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Integral representations 














1 640V¥ 107 
2 2 cos (3t - 8 O sin(t)) dt 
2¥2 (515) "? y(V2 Ve +16 ) hk V1 ) 
1 152 
3/2 2 2 16 [2(1 —t)°? cos(s ¥10 t) dt 
2¥2 (47 Js[V2 Ve +16 ) fh (1-#°)P* cos| Je 
2in 
.. 160/tet 
2v2 (=? ie ava V 8° + i) ie rt 


Dividing the two results: 


[((CA(2 sqrt(2) (1/(842+16%2))*(3/2) BesselJ(3, sqrt(2) 
sqrt(82+162))))))))IM(CI/((2 sqrt(2) (1/(4*2+842))(3/2) BesselJ(3, sqrt(2) 
sqrt(4*2+8%2))))))U(4+(((V(L0-2Y5) -2) (5-1) 1/3) 


Input 


1 





2 va dead ee 


2V2 (a, 167 





J af V 42482 
(=5)" : 





3) ¥10-2V5 -2 
V5 -1 
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Jn(Z) is the Bessel function of the first kind 


Exact result 





eq ¥0-2¥5 -2 | g J5(4 V10) 


J3(8 10 ) 


Decimal approximation 
1.6114606070210747091179671891757946059187491743120132747527655332 


1.611460607.... result that is a very good approximation to the value of the golden 
ratio 1.618033988749... 


Alternate forms 





root of x2242 x96 x82 341 near x=0.657375 +4| Of 16 4; -—40) 
oF \(; 4; — 160) 





: }2(5-V5)-2 
‘~] o—_— 


V5-1 





8 J3(4 V 10) 


J3(8 V 10 ) 





V0 root of 16228 4812x2249 115 232.x!! 468 003 352.x!9 56.975 874.x° +32 180 832.x° -12911472x" + 
(2 10 ) 3773 946 x° -809 856° +126 648 x* ~14.078 2° +1056 x7 -48 x41 near x=0.214713 


J3(8 V 10 ) 


oF iG a; X) is the regularized hypergeometric function 
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Alternative representations 


43) Nlo-2 v5 -2 
: V5-1 
1 





i 
2V2 (a4 5)? J3( V2 V8? 16? | 7 
2v2 (=! Pi? ta[ Vz V 4248? | 


42482 




















1 


2V2 ( = x)? sa(V2 V8? +167 ? 
2v2 (=! }? ta( V2 V 4248? | 


42482 





an V 10-2 V5 -2 
V5-1 


443) -2+V 10-2V5 2oFi[:4i-§ [V2 (eels? rere me eee } il 
“lk [zon [-+:-3 (v2 Vase? Fist (3 v2 V 42.8? J v2 |r 


T4) 








1 












1 


2V2 st x)? 4a( V2 V8? 16? ~ 
2v2 (=! 7 ta( V2 V4? 48? ) 





443 V 10-2 V5 -2 
V5-1 





42482 





1 


2ig[i V2 V 87416" )( u pe [vz V 824162 y v2 


824162 





443) ~2+¥.10-2V5_ vaeavs [2 Igliv2 V4? 48? az)" [v2 V 42482 PP v2) [iva Ve? v6? p 
[i v2 Vass? J 


97 


Series representations 






1 





oq Vu0-2V5 2] aya (515) s(v2 Vetae) 








2v2 (= Pi? Ig[ V2 V4? 48? ) 








1 
2V2 (+5)? sa( v2 V'5?+167 | 7 
2v2 (>! 3)? sa[ v2 V4? 48? ) 


aa 10-2 V5 -2 
V5-1 
4248 


-2+,] 2(5-V5 ) 
443 ANE 43 -2+,] 2(5-V'5 | 


-14V5 








== Pe = dd 
=0 kt r(4+k) 


=0 kKIir(4+k) 












1 


2V2 ( — x)? sa V2 V8? +167 . 
a02i(—3 )?? Ja v2 V 4748? | 


42482 





443 V 10-2 V5 -2 
V5-1 








_ 3 
“145 ys ace _ 160 Ta) 
jeoRSsa-3-j (Es 


We obtain also: 
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((L(CI/((2. sqrt(2) (1/(82+16%2))*(3/2) BesselJ(3, sqrt(2) 
sqrt(82+16%2))))))))+(((1M(2 sqrt(2) (1/(4%2+8%2))(3/2) BesselJ(3, sqrt(2) 
sqrt(4%2+8%2)))))))))* 1/21 


Input 





1 


‘V2v2 (45 =k *y(vE Vee) 





1 
1 ee aa(V2 V4? +8? | 
+ 


Jn (2) is the Bessel function of the first kind 


Exact result 


80 ¥10_ , 640 640 ¥10_ 
\ 54 3(4V10) J3(8 J3(8 V10) 


Decimal approximation 
1.6402844786208007272769549200653470782412668582636838947939096177 


1.6402844786.... ~ ((2) = = = 1.644934 ... (trace of the instanton shape) 


Alternate forms 





1 1 
a0. 225s ek wo 
oF iG 4; -160) 9 F\(; 4; —40) 


3/14 i . 1 : 8 
° : \ J3(4V¥10) J3(8¥ 10) 





21 





oF 1(; a; X) is the regularized hypergeometric function 
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All 21st roots of (80 sqrt(10))/(J_3(4 sqrt(10))) + (640 sqrt(10))/(J_3(8 
sqrt(10))) 


80 _80V10_ sae 640 V 10_ 10 
= 1.6403 (real. principal root) 
VY a3(4 a 10 ) “nls Vv 10) 





e2imi2l », 80 _80V¥10_ Paci 640 V10 
J3(4 1,(4V10) J3(8 J3(8 V10) 


= 1.5674 + 0.4835 i 





tinal, 80 80¥10_ Paes 640 V10 
J3(4 1,(4V10) J3(8 J,(8 V0) 


= 1.3553 + 0.9240 





(2imy7 80V10 | , S40V10_ 
e 21 
J3(4 33(4V 10) 0) “nl 38 V10) 10 ) 


= 1.0227 + 1.2824 i 





einai, _80V10 oo 640 ¥ 10_ 


= 0.5993 + 1.5269 i 
J3(4 = 0) "nls Vv = 
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Alternative representations 


1 1 


es ee ee, res 
{ 2V2 (sha) 4(v2 Ver+ 168?) 2v2 (sta)? a[v2 V4? + ) 








874167 47 487 


1 
eee 
ws 2 3 
2ofi(; 4; -} (V2 V4? +8? | | rrvent pal Pe V4? +8? | v2 
+ 
1 n~ 


2oF,(; 4: -1(v2 Ve? +16 J) 1 )*? (1 v2 Vet + 167) V2 


87 4167 
(1/21) 











1 1 
+o = 














21 2¥2 (51, i s{v2 data 16 | 2v2 (31, P?as(v2 [a2 +e) 
fg eee 
2oFy (4;-} (Vz Vase? f (Shs)? (3 vz Va2ae? f v2 
a 
1 
iy a ae en ee ee 
2oFi(:4:-2(v2 Ve?a1e? J |( +5)? (b va Vate? J vz 
o> RR 
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1 1 


——_— x wuouo“< + — woz 
* 2.V3 (sia)? so(V2 Vee 1) 2V3 (ap)'*(V3 Va? +e) 


1 
cay 


1 


“(1/21) 


2a V2 V 824167 jax a3 i [v2 V8? +167 J vz 
[iva Vs? sae? J 


Series representations 








1 1 
—————————— Os or 
Yav2z(51)" ao{V2 V 82+ 162 2V2 (ata)? 43[v2 V 42482 
3/14 14 1 8. 
bee ktr(4+k) ee ktr(4+k) 








1 


‘V 2V2 (sta La) uo[va Verte) 2v2(a5 


1 
Jsa(v2 Vaewe?) 









k 99/243 k 53/2+k 


8 yg ea g/205 72H 
=) 


(-1) 
kt r(4+k) =) k!r(4+k) 


= kak 0 kak 


14 
24 V5 


21 
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1 1 
+-—o = 


A ava(si5 )° ao v2 Ver + 16 | 2V2 (giz)? sa(v2 v4? +8? | 
3/14 14 
. oe a Be - 160-* r(3 +5) 
Dj-0 Re, 3-; r(2-s) dijo RSS, 3-; r(2-s) 







Integral representations 





1 1 
a ee ee ee eee 
4 2V2 (sta)? 4o(v2 Ve +16 | 2V2 (giz)? sa(v2 v4? +8? } 


fFcos(3t - 8 V10 sin(t)) dt + 8 [*cos(3t - 4 ¥10 sin(t)) dt 
( ["cos(3t - 8 V 10 sin(t)) dt) [*cos(3t -4 10 sin(t)) dt 






14 
git v5 Vx 21 








1 1 


7 eee ae 
4 2V2 (ata)? sa V2 Ver + 16 | 2V2 (aia)? sa[V2 v4? +8? | 





21 hy co 410 cos(t))sin®(t) d+ fy co 8 ¥10 cos(t))sin®(t) dt 
V 157 21 sl a 


(G7 cos{4 V10 cos(e))sin®(t) dt) [" cos{8 V10 cos(r))sin®(t) dt 


v2 








1 1 


TT $+ _-_—_UlO|)oO Ooo 
22 (aha) ava versie) ava (a) as[va vo) 


874167 





f (1-*? pi2 cos/4 ¥10 t)dr+ § (1-* pi2 cos(8 ¥10 t)dt 


21 
ion 2 ( (2(1-12)5/2 cos{4 V10 r)at) (3 (1-12)°/? cos VIO edt 


94/21 
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1/((sqrt(1/3 (-27+9e+7 2+ 8 log(2))))) (CA/(2 sqrt(2) (1/(8%2 + 16%2))*(3/2) 
BesselJ(3, sqrt(2) sqrt(8“2 + 16%2))))))))42 


Input 


1 1 


1 \3/2 r 2 2 
| 3 (-27+9¢+71 + 8log(2)) 2¥2 (515) Ja[V2 8 +16 | 


log(x) is the natural logarithm 
J,(2Z) is the Bessel function of the first kind 


Exact result 


6000 1 ____ 
au? -27+9 e+7 r+8 log(2) 


J3(8 ¥10 


Decimal approximation 
2.99792458567293541030200306275025484124423544074848592787095... x 
10° 


2.99792458...*10°=c 


Alternate forms 


——___ 3 
~27+9 e+7 x+log(256) 


oF iG 4;- 160) 


4096000_/ ———*—_ 


J3(8 ¥10 
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oF 1(; a; X) is the regularized hypergeometric function 


Alternative representations 


= 


7, 3[V2 V 874167 | 
+ (-27+9¢ +77 +8 log(2)) 


+ (-274+9¢ +77 +8 log(2)) 














1 ___ 
Fes Tea 
ol 7 Bi lean |) = 

- (-27+9e+77+ 8log(2)) 


aa [v2 Vs? 16 J’) 


824162 





spmaaieal 


: (-27+9e+77+8log (2)) 








nS 
1 3/2 
3 (-274+9¢ +77 +8 log(2)) 


: (-27+9e +77 + 8log(a) log ,(2)) 
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Series representations 





1 
= Fer Md lhe ] 


; (-27+9e+77 + 8log(2)) 
x 8 log(2) 
2- arg(-9+3e+ 2x4 SO 
8 192000 / [ao |e » Mea n eee 
2X sl 


oo (-1)* (2 _ xk x (- es | 


[pee 


k=0 
g(2) \K 

eed ell ane aan (-), 

k 


=0 
ol SY a Saeed Oe | ae @ . 
4. _kITa+e kir(4+k) for (2 R and 0) 








a pt aa iPad ] 


- (-27+ 9e+77 + 8 log(2)) 


2 arg(2 — x) arg(-x 4 : (-27+9e+7m7+ 8 log(2))) 
exp (i-|-=—"]) |Jexplix re 
2m 


= 8192000 / 


2m 
cap) 


Dee ns cmon 
k 


k! 


0 (= 1) (2 — xy x* (- al 


0 
oo (- 1)* 9-3- -2k (v2 2 V¥320 is 2 
fo EIR anc 0) 
ar or ae kIT(4 +k) aac ats 
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as - a8 (va Vad I}. 


: (-27+9e+77+ 8 log(2)) 


arg(2 — xX) arg(-9 + 3e+ - ~x+ sen) 
exp"(ix | -2— | exp | goa ee Oe 
2m On 


(524288000 I(4)°) / 


(- 1)* (2- x)¥ x* (- a 2 
6 6 73 k 
¥2° ¥320° Vx » =e 
oe cate seser on + Sion) ( (-), 
k=0 


(-; roe VaR) 
See k! (4), 


1/17 1/(((2 sqrt(2) (1/(842 + 16%2))(3/2) BesselJ(3, sqrt(2) sqrt(8“2 + 16%2))))) - 
5((((V(10-25) -2)K(V5-1)))) 


Input 


1 1 : V¥10-2V5 -2 
17 3/2 _ 
a Ja V2 V8? + 16 | Vie 





Jn(Z) is the Bessel function of the first kind 


Exact result 


ee s(¥10-2V5 -2} 
17J3(8V10) v5 -1 
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Decimal approximation 
1729.072675432698980507 118993297805 1827925362627605 107704821726102 


1729.072673432..0. 


This result is very near to the mass of candidate glueball f9(1710) scalar meson. 
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic 


curve. (1728 = 8° * 3°) The number 1728 is one less than the Hardy-Ramanujan 
number 1729 (taxicab number) 


Alternate forms 


S[iev- 2(s+ v5) |» OY 





17 J3(8 10 ) 
AN20-%9)-3) cares) 
v5 -1 17(V5 -1)J3(8 V10) 





s [10 V2 - 128 V0 + 24.1(8 V70)-17 fa6- Vs) 1(070)| 


17(V5 -1)J3(8 ¥10 ) 


Expanded forms 


Le ee ae s(10-25) Oey 
2 2 4 4 17 J3(8 V10 ) 





10 5 10-2V5 _640V10 _ 


V5 -1 V5 -1 ” 1745(8 V10) 
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Alternative representations 


s(V 10-2V5 -2) - 


1 
2V2 (=1,)'? s,[V2 ys? + 16 17 V5-1 
( (; na) : 





17 (20F:(; 4; -1 (V2 V8" +167) )( 1 )*? (2 v2 Ver + 16) v2) 





874167 


5(-2+ V10-2V5 | 


-1+V¥5 





a aft0=2 V5 - 2} 
fov2 (ha)? u(v2 Vere ))iz YS -2 
1 





87 +167 





17 (207; (:4:-} [V2 9 874167 r\ J pi? (3 vz V8? +167 p vz) 





874162 
r(4) 
5(-2+ V10-2V5 | 
apes 
: s(V10-2V5 -2) 


eae Cana 
: 5(-2+ V10-2V5 | 








17251 V2 V8? 167 }( = a)? (vz V8? +16? } vz) 7 -14V5 
8“+16 
[i v2 V8?+167 y 
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Series representations 


1 


s(V10-2V5 -2) 


(2V2 (ata ot Me a V2 V8? + 16? })a7 V5-1 
10 5V¥10-2V5 6 
— OO tt 
-14V5 -14V5 (-160)* 
Le Oe rm KY(4p 





. s(V10-2V5 -2] 
(2V2 (ata sha)tan(vz Vet ))17 V5-1 


10 5 10-2V5 640 V 10 
21405 ~14v5 (-1yk 215/24+5k_ 53/2+k 
“7 rar kir(4+k) 





1 s(V10-2V5 -2] 
(2v3 (sto )Pa(vEVene))iz VS - 


10 5V¥10-2V5 640 ¥ 10 
—————— -— ———_ + 
-1+V75 =14V¥5 


= 160~§ r(3 +5) 
17 oes Res, 3; “E- 
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Integral representations 


s[Vv10-2V5 -2) 


1 


[2 v2(=",)” sa(V2 V8? +162 ) 17 V5 -1 


87 4167 


10 5V¥10-2V5 640 V¥10 x 


es ppeeneee.2k 5... ers 
-1+V5 -14+V¥5 17 [*cos(3t - 8 V 10 sin(t)) dt 








' s(V¥10-2V5 -2] 
(2 v2 ( : )°? so V2 Ve? + 16? }) 17 V5 -1 - 


87 4167 


10 5V¥10-2V5 152 


a +e 
-1+V5 -14+V5 272 [)(1-t?)?? cos(8 V 10 t) dt 








; 5(V¥10-2V5 -2] 
(2.v2 ( 1 )*? sa V2 Ve? + 16? }) 17 V5 -1 


87 4167 


10 5V¥10-2V5 15x 


_ +-qrooOoo———— 
-1+V75 -1+V5 136 [*cos(8 ¥10 cos(t)) sin°(t) dt 








(1/17 1/(((2 sqrt(2) (1/(842 + 16%2))*(3/2) BesselJ(3, sqrt(2) sqrt(8*2 + 162))))) - 
5((((V(10-2V5) -2) K(V5-1)))))) 1/15 








Input 
1 1 ae V10-2V5 -2 
15| 17 2V2(s45 )*?4s(V2 Ve? + 16 ) v5 -1 


Jn(Z) is the Bessel function of the first kind 
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Exact result 





ee 5 10-2V5 2) 
17J3(8 V10) V5 -1 


Decimal approximation 
1.64381983498 12218425733923709366262942206438472956241289717427379 


N 


T 


1.64381983.... = C(2) = = 1.644934 ... (trace of the instanton shape) 


Alternate form 


Is | 640 ¥ 10 
of 5 [t+ v5 - 2(5+V5) Y yaevial 


All 15th roots of (640 sqrt(10))/(17 J_3(8 sqrt(10))) - (5 (sqrt(10 - 2 sqrt(5)) - 
2))/(sqrt(5) - 1) 





kaalaa s(V10-2V5 -2] 


0 
e 15 = _ 1.644 (real. principal root) 


17 J3(8 V 10 ) v5 -1 








Pe s(V10-2V5 -2] 


o(2im/5 1s — ———. = 1.502 + 0.6686: 


17 J3(8 V 10 ) V5 -1 
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e(4im/5 is 


pala s(V10-2V5 -2) 


ee = 1.0999 + 1.2216: 
17 J3(8 V'10 ) v5 -1 








(Zim 15 


Seas s(V10-2V5 -2) 
17J3(8 V10) v5 -1 


= 0.5080 + 1.563 i 








o(8im/15 15 


ee er s(V10-2V5 -2) 


ee ~—0.1718 + 1.635 i 
17 J3(8 V110 ) v5 -1 





Alternative representations 





(2v2 (zx 


ule 


ee -2) 





87 +167 





874167 


feeveae)] 


“(1/15) 
-14+V5 


F,(s4;-2 (v2 5 eae) =) (2 va Vee 16?) v2) 





113 





1 





87 4162 





1 
17 (20F 1 (:4:-5 (V2 V 874167 Nats 2 (ANE Verse? J vz) : 
Ty 
5(-2+ V10-2V5 | 
| ee) 


-14+V5 








1 s(V10-2V5 -2} 
1 [2 v2 ( ; )°? 44(V2 v8? + 16 })17 v5 -1 
5(-2+ v10-2V5 | 





874167 








1 
i 17(21,[iv2 V 8? 16" epee Pe [v2 ¥ 874162 } vz) 7 -14V5 
[iv Vv 8? +167 y 


Series representations 





15 [2v2( 1 )9 so V2 Ve? + 164 ))17 fs =1 


87 +167 








5[-2 10-2V5 

| ‘ ules 640 V 10 

15 Gewe + : co (-1)K 215/245k_ 53/2+k 
7 =0 kir(4+k) 
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s(V10-2V5 -2) 


1 
‘\ [2v2( 1 J)? s5( VE Vere ))17 V5 -1 


87 +167 





5(-2+V10-2V5 | eo 
15) + k 5644 k4+1/2 (342k) -1/2(342k) 
-14+V75 . ee 
17 : un kir(4+k) 











: _s[Vi0-2V5 -2] 
‘\ [2v2( 1 }°? sa V2 V8? + 16? }}17 V5 -1 


874167 


5(-2+V10-2v5 | patna 


- 


15 -1+¥V5 





i 16075 r(3+5} 
17 a Res,__3_j r(E-3 


Integral representations 





; _s[Vi0-2V5 -2) 
‘\ [2v2 ( u )°? sa V2 V8 + 16 }) 17 V5 -1 


874167 








wi 5(-2+ 10-2V5 | 640V10 x 
go 
-1+V5 17 ["cos(3t — 8 V10 sin(t)) dt 
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. s(V¥10-2V5 -2] 
‘ [2v2 ( ; 82 5(va Ves 16? a7 V5 -1 


87 +167 








s(-2+ 10-25 | 


157 


Ps |. er 
-1+V75 272 {,'(1-t?)°? cos(8 V10 t) dt 













; s(Vi0-2V5 -2} 
‘ [2v2 ( : )°? (v2 Ve? + 16? }) 17 V5 -1 


87 +167 





5(-2+¥10-2V5 | ee 
= = 
-1+V75 136 fF cos(8 ¥10 cos(t)) sin®(t) dt 


(1/27((1/17 1/(((2. sqrt(2) (1/(82 + 16%2))(3/2) BesselJ(3, sqrt(2) sqrt(8’2 + 
162))))) - 5((((N(10-2V5) -2) K(V5-1)))))-1))42+276 -1/2*® 








Input 
adja 1 ; V1i0-2V5 -2 Ale 
Siler 2V2 (aa s(V2 +16 | ine 
1 
276- -© 
2 


Jn(Z) is the Bessel function of the first kind 


® is the golden ratio conjugate 
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Exact result 


2 
* : s(V10-2V5 -2] euitan 
~= +276 + —|-1 — ———___—-. 5. —_—_ 
2 729 V5 -1 17 J3(8 V110 ) 


Exact form 


2 
5(Vi0-2V5 -2) aaa 
v5 -1 17 J3(8 V 10 ) 


L=¢ 
—— +276+ —|1+ 
2 729 


@ is the golden ratio 


Decimal approximation 
4372.0355256354277886755525 19085959417221891793661928 1555379307340 
4372.03552563.... = 4372 


where 4372 is a value indicated in the fundamental Ramanujan paper “Modular 
equations and Approximations to 7” 


Hence 
64g24 = eV _ 944 276e-*V™ _..., 
649524 = 4096e—*V™ 4 ..., 
so that 
64(g34 + 95524) = e* ¥? — 24 4 4372e-7V™ + ... = 64{(1 + V2)? + (1 — V2)!7}. 
Hence 


e™ V2 _ 9508951.9982.... 
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Alternate forms 





® 1 (3 5SVv5 1 640V10 \ 
-$ +2764 [2 SS -s 55+ ¥5) + ere 
2 729 | 2 2 2 17 J3(8 V 10 ) 

2 
saan 10(V 10-25 -2) 25(V10-2V5 -2] 
-—+ 





+ a 
2 729 729(V5 -1) 729(V5 -1) 


1230 V0 6400 V10 [ ¥ 10-2 V5 2| 


4096 000 12393 12393 (V5 -1) 
a ee 
210681 J3(8 V10 )° J3(8 V 10 ) 


[-sso0r J3(8-V 10 )? @ + 210681 V5 J3(8V 10 )” + 24576000 - 
8192000 V5 + 1305600 V2 J3(8 V10 ) - 348160 V 10 J3(8 V 10 ) - 


1088000 V5- V5 J3(8V¥10) + 217600 ,/5(5- V5) J3(8V10) + 
348 996 400 J3(8 ¥/10 )” — 116316720 V5 J3(8 ¥10 )° - 


31790 |2(5- V5) Ja(8 ¥10 )° + 2890 || 10(5- V5) se v0) / 


(210681 (V5 - 1)’ J3(8 ¥10)’) 





Expanded form 
® 201205 350 5s0Vv5 100 ¥ 10-2V5 
ails 2 $$. qr qwe— i- wm  -_ 
2 729 729(V5-1) 729(V5-1) 729(V5 -1)° 
20 10V¥ 10-2V5 4096000 


729(v5 -1) : 729(V5 -1) * 310681 J3(8 V0) 


1280 ¥10 . 12800 ¥10 - 6400 J 10(10-2¥5) 
12393 J3(8V¥10) 12393(V5 -1)J3(8V¥10) 12393(V5 -1)J3(8 ¥10) 
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Fort=27: 


von(_ es) 
2y3 oie| | fv 


e t)/2 x2 + el t)/2 y? 





Ay t 
(eH? 2 eli i2 yeas) 


2 sqrt(2) e((i*2P1)/2) (cos((2Pi)/2)/(e*(-G (2Pi))/2) x42 + eA((a (2Pi))/2) y*2))(3/2) 
J_3(sqrt(2) sqrt((e%(-(@i (2Pi))/2) x42 + eA((i (2P1))/2) y*2) cos((2Pi)/2))) 


Input 
[> _W2(ix2 cos = ia 
2 20" ° 1/2 (i (2; 2 1/2(4(2 2 
- (if ™) x +e (i(27)) y 





fv 


“W9G 2a 
(e V/2(i(2m) 2 5 V2 (2m) y?) cos(—= ; ) 


Jn(Z) is the Bessel function of the first kind 
fis the imaginary unit 


Exact result 


-avi[- haa er) 


3D plot (figures that can be related to the D-branes/Instantons) 
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Contour plot 





Alternate form assuming x and y are real 
P 1, 2 2 
oF i( 4; - (-x -y ) 
2 
oF 1(; a; X) is the regularized hypergeometric function 


Alternate form assuming x and y are positive 


2V2 Js[V2 Vx? +y? } 


(x? + y?)*? 
Expanded form 
2v2 “ata (V2 V2 + y? | 
a 
~x? — y? 
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Series expansion at x=0 


a2) (aVy))- ee, 


x*(y?43(V2 Vy? )- VP ale Ve") 


apr 


Partial derivatives 


m(2¥2 [- 


+ O(x®) 


(Taylor series) 





Paley) 


Ox - 2_y? 
; : 1 a ae 1 we [P+ y)42[v2 [x2 4 y? J+ 
xe + yoy" y+ - 


3V2 Vx +y ale ry }+( (x+y?) ae{[V2 Vx? +y *}} 








a 2V3 (- = s) [v2 Vito? )|- 
ayy 2Y. ape He ty )ae[v2 Vat oy?) 
3V2Vx+y * [v2 V7 +y*}+ (x? + y")a[v2 Vx +y *}} 


For x=2 and y=4: 


-2V¥2 --a- (v2 Vx +y’) 
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-2 sqrt(2) (-1/(-242 - 442))A(3/2) J_3(sqrt(2) sqrt(22 + 442)) 


Input 
-242 (-— a) (v2 V2? +4 | 


Jy (2) is the Bessel function of the first kind 


Exact result 


J3(2 V 10 ) 
~~ 10V10 


Decimal approximation 
~0.000526582141254937175640466925339938792096776393994932500321810 


-0.00052658214.... 


Alternate form 
-oF \(; 4; -10) 


oF 1(; a; X) is the regularized hypergeometric function 


Alternative representations 


Ni peg) aie) 
aunt vate) 





"(5 v2 Va+4?) v2 


mar 





-2V2 (-= 3) 3[v2 V 2244? . 
anfiv2 Va+4? (3 1. a)? (v2 V4+4?) v2 
(iv2 Va+42) 
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-2V2 (-=)" s[V2 V 2744? - 
2oFi(s4i-} (V2 V4+4?] \(-—a)? (1 v2 444?) V2 


(4) 


Series representations 


1 3/2 1-10" 
-2v2 ( oa ail (V2 V2? +4?) =-= 








” a2 
-2*- 6 RAR 
l 3 2 a (-1* 103/2+* 
/ = ' 
-2V2 (- —— 5) s[V2 V 22442 gaa 
-2°-4 10 ¥ 10 





0k 
wo (2V10 -z0f JB”(z0) 


-2¥2 (-——)" 4,[v2 V2? +4?) = -—" —_# 


-2? - 4? 10 ¥10 


Integral representations 


ai ig) eRe [7 


- 92 2 T i oo+ry 


-10/r+tr 





dt fory>0 
t? 





-2V¥2 (-— J" (v2 V2 +47) - -— (2-22)? cos(2 VIO «) at 


22 _ 42 
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1 3/2 
a zs [v2 V 2°44? } = 


cos(3t — 2 10 sin(t)) dt 


~2V¥2 (- 
1 


pe 


For x =8 and y= 16: 


-2 sqrt(2) (-1/(-8%2 - 16%2))4(3/2) J_3(sqrt(2) sqrt(8%2 + 16%2)) 


Input 


-2V2 (-——)" [v2 V 824 16° | 


1 
-87 - 167 


Jn{Z) is the Bessel function of the first kind 


Exact result 


J3(8 V 10 ) 
~ 640 V0 


Decimal approximation 
~0.00003399235 1896332677 172487053 1449537642092672348 152569 18480748 


-0.0000339923.... 


Alternate form 
-oF \(; 4; - 160) 


oF 1(; a; X) is the regularized hypergeometric function 
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Alternative representations 


-2V2 (- = aa ig s[V2 V 82416 ) = 


-29h:(;4:-7 (v2 Ve? +16) )(-— ——)'(: V2 V8" +16) v2 


ae 





-2V2 (-=ssa)” (v2 V 824 16° | = 
_2oFi[i 45 - 1 (v2 ve?+16)}(- ho)” (1 v2 Ve? +16) V2 


(4) 





-2V2 (- =a) {V2 V8? +16") - 
Bhai v2 Ve" + 16? )(- = ig)? (v2 Ve +18} v2 
(i vz Ver +16) 


Series representations 


-2v3 (-——,)" [V2 V8" +162 |= — - 160) 








_ yk g15/2+5k_53/2+k 


«0 (-l) 
1 3/2 dk-0 ; 
~2V2 (- =) 3o[V2 V 87416 i 
-87 - 16° 640 V 10 





(810 -z0f 1029) 


-2V2 (- sag) [v2 Ve +16" } = = 
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Integral representations 


‘ F -160/t+t 
1 3/2 cory @ " ; 
-2¥2 |-— 4] po[V2 Ve" +167) =~ [ r dt fory>0 
~8*-1 . 


t 
27 J-iwty t 








-87 — 167 


a fo -t”)? cos(8 V10 t) dt 


15a 0 


a2v2 (-——)" (v2 V 8? +167 = 
1 





1 3/2 
-2¥2 -= al so[V2 V8" + 167} = 
: ~87 - 167 


-——— ["cos(at-2V 10 sin(t)) dt 
640 ¥ 10 x V0 
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Mathematical connections with some sectors of String Theory 


From: 


Modular equations and approximations to 7 - Srinivasa Ramanujan 
Quarterly Journal of Mathematics, XLV, 1914, 350 — 372 


We have that: 
Hence 
6434 = eV _ 944 976e-7V™ _..., 
649° = 4096e-7V? 4... 
so that 
64(g34 + g24) = eV” — 24 4 4372e-7Y™ 4 ... = 64{(1 + V2)? 4 (1 — V2)7}. 
Hence 
e™V® _ 9508951.9982.... 
Again 
Gaz = (6 + V37)?, 
64GH = ot¥™ 4044 276e*V% 4. 
64G37 24 — 4096e-7 V3" _ 
so that 
64(G24 + G24) = eV 4 94 4 4372e-*V _ ... = 64{(6 + V37)® + (6 — V37)5}. 
Hence 


e™V37 — 199148647.999978 . 


Similarly, from 





958 = 
we obtain 
54+V%\" (5—V%\" 
B 5 + 5 
64(g24 + ga24) = e* V8 _ 24 + 4372e-7V8 4... = 64 (=) + (=) 
Hence 


em V8 — 94591257751.99999982.... 
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From: 


An Update on Brane Supersymmetry Breaking 
J. Mourad and A. Sagnotti - arXiv:1711.11494v1 [hep-th] 30 Nov 2017 


From the following vacuum equations: 





Q(P) 2.2 
Tee? = — Pre h e—2(8—p)C +287 6 
YE 
9 a(P) : c 
h? (x ray eet )ente-nosseie 
- YE 
> —_ CY 
16k e296 = —S— 
(7 — p) 


A, 


IE 


42 —2A h? ~ 2 Be” —2(8-—p)C+2p” 
(A) = ke** + ——— (7-p+—]erw meres 


we have obtained, from the results almost equals of the equations, putting 


4096«""'* instead of 
oe 2(8—p)C +28) o 
a new possible mathematical connection between the two exponentials. Thence, also 


the values concerning p, C, fz and ¢ correspond to the exponents of e (i.e. of exp). 
Thence we obtain for p = 5 and fz = 1/2: 


e~6C+b = 4096e 718 


Therefore, with respect to the exponentials of the vacuum equations, the Ramanujan’s 
exponential has a coefficient of 4096 which is equal to 642, while -6C+@ is equal to - 
mV 18. From this it follows that it is possible to establish mathematically, the dilaton 
value. 


128 


For 


exp((-Pi*sqrt(18)) we obtain: 


Input: 
exp(-n V 18 ] 


Exact result: 
-3V¥20 
e 
Decimal approximation: 


1.6272016226072509292942156739117979541838581136954016... x 10°° 


1.6272016... * 10° 


Property: 


= 2 . 
e°’? 7 is a transcendental number 


Series representations: 


ras p00 yak (1/2) 
ervis _. 17 Epegl if 


envi exp] 017 5 Col CG h 


m Do Res,_1,,17* 1-5 -s)Ts) 


1 
2 


Now, we have the following calculations: 
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e668 = 4096-718 


e-™V18 — 1 6272016... * 104-6 


from which: 


+ 9-6C+$ = 1 6272016... * 104-6 
4096 


0.000244140625 e~6°+# = e-7V18 — 16272016... * 10-6 


Now: 
In(e-*¥) — —13.328648814475 = —nV18 


And: 
(1.6272016* 10%-6) *1/ (0.000244 140625) 


Input interpretation: 


1.6272016 1 
10° 0.000244140625 





Result: 
0.0066650177536 


0.006665017... 


Thence: 


0.000244 140625 e~6C+¢ = e-nvi8 
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Dividing both sides by 0.000244140625, we obtain: 


0.000244140625  _6c4@ _ 1 o-nvi8 
0.000244140625 ~ 0.000244140625 


e©©t% = 0),0066650177536 
((((exp((-Pi*sqrt(18)))))))*1/0.000244 140625 
Input interpretation: 


cxf): soe 


0.000244140625 
Result: 
0.00666501785... 


0.00666501785... 


Series representations: 











exp(—7 V 18 ) oe (2) 
——"______* _ 4096 exp|-1 417 $°17* | 2 
0.000244141 ai! | 2, k | 

k=0 
exp(—7 v 18 ) = (- ay - 7) 
——__* _ 4096 exp|-2 ¥17 S. 74 2* 
0.000244141 oo Nl 2, k! 

k=0 

a) -s = 1 = 

—————— = 4096 exp|- 7 
0.000244141 2Va 
Now: 
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e+ = (0066650177536 


exp(-n V 18 | 


0.000244140625 = 


e vi18 1 
0.000244140625 


= 0.00666501785... 


From: 


In(0.00666501784619) 


Input interpretation: 


log(0.00666501784619) 


Result: 
-5.010882647757... 


-5.010882647757... 


Alternative representations: 


log(0.006665017846190000) = log,(0.006665017846 190000) 
log(0.006665017846 190000) = logia) log, (0.006665017846 190000) 


log(0.006665017846190000) = —Li;(0.993334982153810000) 


Series representations: 


* (~1) (-0.993334982153810000)* 
log(0.006665017846190000) = - 5° an 


k=1 
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0.006665017846190000 - 
log(0.006665017846190000) = 2éx | | + 
ris 


* (—1)* (0.006665017846190000 — x) x* 


logix) - ) << for x <0 
k=1 


0.006665017846190000 - 1 
log(0.006665017846190000) = _—_—_— | log{ —}+ 
ris 
arg(0.006665017846190000 — zo) 


2a 
& (-1) (0.006665017846190000 — zo) zo* 


2 k 


k=1 


log(zo) + log(zo) - 


Integral representation: 


*0.0066650 17846190000 1 
log(0.006665017846190000) = | vat 
“1 


In conclusion: 
—6C + @ = —5.010882647757 ... 
and for C = 1, we obtain: 


@ = —5.010882647757 + 6 = 0.989117352243=@ 


Note that the values of n, (spectral index) 0.965, of the average of the Omega mesons 
Regge slope 0.987428571 and of the dilaton 0.989117352243, are also connected to 
the following two Rogers-Ramanujan continued fractions: 


a 





5 —- 
= 1 - __*§ ____ = 0,95 68666373 
Vig-1)V5 -9+1 eo 
e 
—" 
1+ 
P+. 
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==: 
V5 -2V5 








aT 9991 104684 
v5 -9+1 1 en 
as os 1 P - e375 
a e trys 
1+ 
1+... 


(http://www.bitman.name/math/article/102/109/) 





The mean between the two results of the above Rogers-Ramanujan continued 
fractions is 0.97798855285, value very near to the y Regge slope 0.979: 


vw | 3 Mme = 1500 | 0979 | —0.09 


Also performing the 512" root of the inverse value of the Pion meson rest mass 
139.57, we obtain: 


((1/(139.57)))*1/512 


Input interpretation: 





Result: 
0.99040073270864402755097375571330141546073279617855555 1684... 


0.99040073.... result very near to the dilaton value 0.989117352243 = @ and to 
the value of the following Rogers-Ramanujan continued fraction: 
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ci 
V5 -2J5 





ON 9.9991 104684 
Ss i 1 en 
149 /9°/5? -1 . "geste. 
ets 
1+ 
1+... 


From 


AdS Vacua from Dilaton Tadpoles and Form Fluxes - J. Mourad and A. Sagnotti 
- arXiv:1612.08566v2 [hep-th] 22 Feb 2017 - March 27, 2018 








We have: 
e2° = 2€e2 
14/1 -— fe 
h2 &7e49 4 € 9 
a ric tt aa — e2¢) + 5 Te“? (2.7) 
(1 + \/1 - F e26) 


For 


16 


oO 


| 


T=- 
é=1 


> 


we obtain: 


(2*e4(0.989117352243/2)) / (1+sqrt(((1-1/3* 16/(Pi)*2*e%(2* 0.989 1 17352243))))) 


Input interpretation: 


2 oo 9891 17352243/2 





} 
i J 1- : 16 e2°0.989117352243 


4 
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Result: 
0.83941881822... — 
1.4311851867... i 


Polar coordinates: 
r = 1.65919106525 (radius), @=-59.607521917° (angle) 


1.65919106525..... result very near to the 14th root of the following Ramanujan’s 
class invariant Q = (Gso5/G101 er = 1164.2696 i.e. 1.65578... 


Series representations: 


2 mu .9891173522430000/2 


16¢2 0.98911 73522430000 


14+,/ 1 
3x2 
2 ¢9 49455867612 15000 
1 
1+ 7 l6e! .978234704486000 pe (2 \ (- e .978234704486000 ‘i 3 
3n2 k=0 416 x? k 


2 Pu .9891173522430000/2 


16¢2 9.98911 73522430000 


1+,/ 1 
302 
2 0 4945586761215000 
a ¢1 .978234704486000 \-k, 4 
1 16 el .978234704486000 - (-3F (- m2 (-3}, 
- — 
3n2 Dae k! 


2 Pu .9891173522430000/2 


16¢2 0.98911 73522430000 


1+,/ 1 3 
30 
2 g0 49455867612 15000 
, 1.978234 704486000 
_yk{_1) (,_18¢ Fk 
eye Ht a 
7 oo eo k! 
for (not (Zo €R and -«w< Zo <0) 
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From 
h? é7e4? 42 oP as 2¢ 
a: i, A | an — 2 22¢ ' @ 
39 = é 12 1 3 € + 5Te 


we obtain: 


e(4*0.989117352243) / (((1+sqrt(1-1/3* 16/(Pi)*2*e4(2*0.989 1 17352243)))))*7 
[42(1+sqrt(1- 
1/3* 16/(Pi)42*e%(2*0.989 1 17352243 )))+5* 16/(Pi)42*e%(2*0.989 1 17352243)] 


Input interpretation: 


e* 0.989117352243 
———  ———7 
1. 16 2%0,9891173522¢ 
[i+ J 2-3 a *| 
n2 


3 
16 2»0.989117352243 
2 


1+ {1- —e 
\ 


— 


16 9..9.080117352243 
+5 =? 


42 











| 
4 


Result: 
50.84107889... - 
20.34506335... i 


Polar coordinates: 
r = 54.76072411 ius @ = —21.80979492° 


5] 


54.76072411..... 
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Series representations: 


16 ¢2  0:9891173522430000 Ss US sletaatcinioeiay 16 ¢2 © 9:9891173522430000 
42}1+ 
gg 
* 0.9891173522430000 / isa LT maeaapeiee pear aioe 
a | 


5.934704113458000 3.956460408972000 2 3.956460408972000 2 
2/40 ¢ +2le wm +21le wT 


16 ¢1:978234704486000 oo ay 9 }:978234704486000 1 
aint nk Np eA —— 2 
: oe i 
ST anasiatoedare! 1.978234704486000 $(2f —) “| 
aa 9 ee 2 
16 re (2 | 


16 ¢2 © 0:9891173522430000 ee 16 ¢2 » 0:9891173522430000 
42}1+ 
fee ge 
16 ¢2  9:9891173522430000 
Pg 0.9891173522430000 / we 
gg 


=) 9 9! 9 
2140 en t4411945 000 +21 e 5646940 8972000 x +21 e 5646940 8972000 x 


= 5 1 (- & \ (- ern) eh (2), 

_ssctenmennon 5 CieJ CO) Cah] 
aes af of Cie na 

a a) 
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42 


l6e 2 0.9891173522430000 
1+,{| 1 - ————————_ 
dl poy) a ee 0.9891173522430000 eee 

Ps ainda | 


9 =) =) .*) oO 
40 e 34704113458000 +21 e 5646940 8972000 x +21 e 5646940 8972000 


| 











3 l6e 2 =< 


2 








1.978234 704486000 


A ae a 


| 





/ 


el 978234 704486000 


Ti 





for {not (Zo ER and -w< 


From which: 


e(4*0.989 117352243) / (((1+sqrt(1 -1/3* 16/(P1)42*e%(2*0.989 1 17352243)))))%7 
[42(1+sqrt(1- 


1/3* 16/(P1)42*e%(2*0.989 1 17352243)))+5*16/(P1)42*e%(2*0.989 1 17352243) ]* 1/34 


Input interpretation: 


e' 0.989117352243 


fy 1. 16 ,20,989117352243 
[ + 3 (us fi 2< geome | 
1 16 5.0.989117352243 16 5.0,989117352243| 1 
42)1+,/1--x Te +5X—e° <— 
3 x sae 34 


Result: 
1.495325850... — 
0.5983842161... i 


Polar coordinates: 
r = 1.610609533 (radius), @ = —21.80979492° (angle) 


1.610609533.... result that is a good approximation to the value of the golden ratio 
1.618033988749... 
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Series representations: 


Ht 


Pa 0.9891173522430000 / 34/14 





16 e 0.9891173522430000 





5» 16 e 0.9891173522430000 


1- + 


3x re 





Taian oar mae 2. 0.9891173522430000 | | 


5.934704113458000 3.956469408972000 n 3.956469408972000 n 


40 e +2le 


16 @1:978234704486000 oo - 3 \k e1:978234704486000 -k yl 
=n nk — _ ee oe ooo 2 
st yl a —] (2)V 


+2le 


7 


16 @1:978234704486000 oO. 3 \k e):978234704486000 -k fl 
rag | -1SeONE (ap (_ ermine +2) 
k 


37 


4\46 re 





16 e 0.9891173522430000 5x16 e 0.9891173522430000 


7s 


31 a 


0.9891173522430000 
Pi. 11735224 / 34/14 





ner 2. 0.9891173522430000 — - 


5.934704113458000 3.956469408972000 x 3.956469408972000 x 


40e +2le 


1.978234704486000 \_k 1 
¢1:978234704486000 2 (- eee maeaees | (- *, 
a , 
: / 


1.978234704486000 \_& 1 
eraser Ms 


ie? \  *@ lS CN hk 


k! 


+2le 


¢1-978234704486000 > peel 
177° |14+.| - 
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16 e 0.9891173522430000 


37 


4. 0.98911735 30000 
e eames / 34/14. 


5.934704113458000 
40 e 


co (-1)* (-2) (1- 
nv¥i > ( e| 
x (-I* (-}) (1- 
rw hv § ae 


for (not (Zp ER and -«< Zo < 


Now, we have: 


_¢ 
2C _ 2€e° 2 


1+ \/1 + Sper 


h2 


For: 

E=1 
a 

A ~ Se 


@ = 0.989117352243 


+ 





3.9 972000 
mec” oO & 


—4¢ A 
ai —— E ( + 4/1 + $26) - incr . 
! + /1 + fers] 


5 16e2 0.9891173522430000 


aa 


Mee 2..0.9891173522430000 —| | 


3.956469408972000 
+2le a 


1.978234704486000 


nn eos i] 


el: 978234704486000 y 
a zoK 
eA gey gg 20 
k! 


(2.9) 


(2.10) 


141 


From 


tape 


e2C = 2€e7 
1+ 1/1 + Sper 


we obtain: 


((2*e4(-0.989117352243/2))) / 
((((1+sqrt(((1+1/3*(4Pi%2)/25 *e*(2*0.989 1 17352243)))))))) 


Input interpretation: 


989° ; 
2 eos 89117352243/2 


1+./142 (+ (4x7))e? 0.989117352243 
3 \25 ; 


Result: 
0.382082347529... 


0.382082347529.... 


Series representations: 


.e -0.9891173522430000/2 


af ie 0.98911 73522430000 
e}:978234704486000 _2 ey 
¢1:97823470448 6000 n)* [: | 


.e ~0.9891173522430000/2 


ahh A) Cadac 2) -2 «0.98911 73522430000 
ae Le 1.978234704486000 _2 | (-2)' ee ae ie (-=} a 
M47 si NN IK 


142 


_ == 0.4945586761215000 





| 


= : 0.4945586761215000 


2¢ ~0.9891173522430000/2 


(4.72) 2 0.98911 73522430000 
ee lal » eae ee 


1+,/ 1 
3.25 


2 


. 1.978234 704486000 _2 Eos 
ak E) (1st HO 


75 70} *0 


0.4945586761215000 Vf es 
e h. Zo = 7 


for (not (Z> ER and -co 


From which: 


1+1/(((4((2*e%(-0.989 1 17352243/2))) / 
((((1+sqrt(((1+1/3*(4P1%2)/25 *e*(2*0.989 1 17352243))))))))))) 


Input interpretation: 


1 
1+ —— 
4 2 »-0.989117352243/2 
—S——————aaai————— 
14,1 /1 sg -2\),.2%0.989117352243 
I+ 1+) lee (4x? ))e? 
Result: 


1.65430921270... 


1.6543092..... We note that, the result 1.6543092... is very near to the 14th root of the 
following Ramanujan’s class invariant Q = (Gsos /G401 ey = 1164.2696 i.e. 
1.65578... 


Indeed: 
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1/4 
Gsos = P~1/4Q1/6 =(V5 4 2)1/? (4) (V101 + 10)'/4 


1/6 


x (asovs + 29/101) + \/ 169440 + 7540V505 


Thus, it remains to show that 


/113 + 5/505 [105+ 5v505 5 =) 
(130V5+29V 101) +1/ 169440 + 7540 Vie roan -( “ = 


which is straightforward. 


a 
( (es) = 1,65578... 





Series representations: 


1 
4 (2 e70.9891173522430000/2 } 


(ee \e2  0.9891173522430000 
3.25 


049455867612 15000 


1+ 


1,97823470448 6000 
1 040455867612 15000 4e r 


1+ ————————_ + 
8 8 75 
y 75 1.978234704486000 _2\-* : 
ry (e ris ) 
k= k 


1 
4 (2 e70-9891173522430000/2 } 


(4 n2 je? 0.98911 73522430000 
1+ 14.25 CO Ts 


0.4945586761215000 4 
e 0.4945586761215000 
1 +t -e 


8 8 75 
; (- 3 \‘ (¢1.978234704486000 yk (- 1 ), 
k! 


k=0 


1+ 


4 ¢}:97823470448 6000 3 
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1 049455867612 15000 


¢. 
4(2 eee) 8 





I 
| (442) 2 0.9891173522430000 
14 1+ - 





325 
el 978234704486000 ~2 


» (-1 (-3}, (1+? zo) _— 


1 0.4045586761215000 Fa, . 2 75 = 
' 

8 a k! 

for {not (Zo ER and -o 
And from 
h? ae A, 
kt E (: + 4/14 0) 7 act] ; 
c + V1 + er] 


we obtain: 


e(-4*0.989 117352243) / [1+sqrt(((1+1/3*(4P1%2)/25*e%(2*0.989 1 17352243)))]*7 * 
[42(1+sqrt(((1+1/3*(4Pi%2)/25*e%(2*0.989 1 17352243)))- 
13*(4Pi%2)/25*e(2*0.989 1 17352243) ] 


Input interpretation: 


e 0.989117352243 


ee A 
1+ 14+ 1 (+ (4x7) e? 0.989117352243 
3 \25 * , 
1 1 / 2\) 2°0,.989117352243 1 2)\) 2°0.989117352243 
42 L+ 1+ (5 (4x Je a -13(5= (47°)]e - 
3 (25 | 25 0") 
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Result: 
-—0.034547055658... 


-0.034547055658... 


Series representations: 


a ——————e 2 0.9891173522430000 
47/14 = (te ) je 2 0.9891173522430000 
3.25 
7 
inher ibeeieies (4.27) e? 0,.9891173522430000 
e —_ / 1+ 1+ 3.95. = 


—) =) =) 
_1142]-25 e 7823470448 6000 +52 e 5 646940 8972000 x _ 


4 ¢ 97823470448 6000 3 


75 


.97823470448 6000 
Be! 82347044 


1 


a(F) | 1.978234704486000 7*)* | 3 / 25 ¢5:934704113458000 
k 


h. | #s 4e crbialaaca ans “5 (=) e .97823470448 6000 x)" 
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a 


ill 


2) 2. 0.9891173522430000 
4211+./14 2) C shaiserawariacaas i (4x7) 13 ¢#*0.9991173522430000 
3.25 25 


(412)? 0.9891173522430000 

—4 0.9891173522430000 

e 1+ ,| 1+ —_———_ 
3% 25 


| [= @ 197823470448 6000 +52 ¢3:956469408972000 x 7 


4 ¢):978234704486000 12 
75 
75 \K » 1,978234704486000 _2\-k (1 
= (-F) 7) aa 


Se 1.97823470448 6000 
k=0 


/ 75\k 16 -k { ‘4 
-_ 4 ¢}978234704486000 | 2 5 (-2) (e1:978234704486000 2) (-2), 
75 k! 
k=0 


989 
(4 x) e 0,.9891173522430000 


i?) 
/ es 34704113458000 


42]1+,) 1+ 


| 


| 








(4.x )13e 2 0,9891173522430000 
3x25 ~ 25 


7 
(4 1) 2. 0.9891173522430000 

-4  0,9891173522430000 e 

e 1+.{ 14 —— 

3.25 


rs) 3 c 6 
42 |-25 es 7823470448 6000 +52 e 5646940 8972000 x ~95 el 7823470448 6000 








( uk (-2), (1+ el 978234704486000 ~2 


fe We 


e .934704113458000 


el 978234 704486000 _2 


os gt CH (4 eS of at 


k! 





for (not (Zo ER and -w< Zs 0) 


From which: 


AT *1/(((-1/(((((e(-4*0.989 1 17352243) / 
[1+sqrt(((1+1/3*(4P1%2)/25*e%(2*0.989 1 17352243))))]*7 * 
[42(1+sqrt(((1+1/3*(4Pi%2)/25*e%(2*0.989 1 17352243))))- 
13*(4Pi%2)/25*e%(2*0.989 1 17352243))])))))))) 
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Input interpretation: 


e 0.989117352243 
47|-|1 / 1 / 


7 
ian (2 sa 0.989117352243 
3 \25 


[22 f + 1+3 iy all ¢270.989117352243 


13(= (4x *)Je aia 
25 


Result: 
1.6237116159... 


1.6237116159.... result that is an approximation to the value of the golden ratio 
1.618033988749... 


Series representations: 


. | 2 0,9891173522430000 
= 47/1 / 74 0.9891173522430000 : h. 1+ (4x°)e 3 _ 


i (4 x) 13 e 0.9891173522430000 I) 
25 


Re os Paramore 2 0.9891173522430000 | |- 


3% 25 


1974|-25 @ 1:978234704486000 +52 ¢3:956469408972000 x = 


1.97823470448 6000 
1.978234704486000 | 4€ x 
25 e — 


(2) 1.978234704486000 y* (3 / 95 ¢3:934704113458000 
4 


k=0 
7 


au 


4e 1.97823470448 6000 3 


75 s -k 
1+ — = >(4 ; TC plaaacaniie 7) | 


Nie 


k=0 
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| 2 0.980117352243 
- 47 | ue 0.9891173522430000 c +./14 (4x°)e — — “at 7 


= (47°) 13 ¢2  0:9891173522430000 | / 


P| cebaaiabarooieas x2) ¢2 *0.9891173522430000 
3% 25 


1974]-25 @1'978234704486000 +52 ¢3:956469408972000 x _ 


4e 1.97823470448 6000 r 


75 
_ 73 (e1.978234704486000 2)-k L 1 \ 


2 
Be 1,97823470448 6000 


5.934704113458000 
/|25¢ 4704113458 


k=0 
75)k , 1.978234704486000 _2)-k (_1) \’ 
i. 4 ¢1:978234704486000 2 5 (-2) (e x) (-3), 
75 an k! 
| 2 0.989117352243 
iy 47 | |e 0.9891173522430000 c Pam ce (4x)e — — sais 7 


ae (4 x) 13 ¢2 | 0:9891173522430000 | / 
25 


falar eee x2) 2 *0.9891173522430000 
3x25 


1974 |-25 197823470448 6000 +52 g3'956469408972000 x -35 197823470448 6000 


e) 978234704486000 _2 


fw ROLE ool \) - 


' 
k=0 ks 
¢5:934704113458000 
4 el 978234704486000 _2 k 7 
lz 0 CIF (- }, (1+ ‘ 75 . - 20) mi 
1+ 2 y 
for (not (Zo €R and -«< Zo s 0)| 
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And again: 


32((((e*(-4*0.989 117352243) / 
[1+sqrt(((1+1/3*(4P1%2)/25*e%(2*0.989 1 17352243))))]*7 * 
[42(1+sqrt(((1+1/3*(4P1%2)/25*e%(2*0.989 1 17352243))))- 
13*(4Pi%2)/25*e%(2*0.989 1 17352243))])))) 


Input interpretation: 


e-40.989117352243 
32 


1/jl1 ¥; 2 20.9891173522¢ 
1+ f1+3 (Ln le 0.98911735 *| 





42114 i ‘ee 1 (— (42°) |e? 0.989117352243 _ 13(— (4x7) Je? 0.989117352243 
3\25 ° 25 | 


Result: 
~1.1055057810... 


-1.1055057810.... 


We note that the result -1.1055057810.... is very near to the value of Cosmological 
Constant, less 10° , thence 1.1056, with minus sign 
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Series representations: 


(4 x ) e 0.9891173522430000 


BD gO PESTS | 49 11 + | 1 ce 
3.25 


i (4 x*) 13 ¢2 | 0:9891173522430000 } / 
25 


(427) e? 0.9891173522430000 


. ——————————————— 
3.25 


_111344]-25 197823470448 6000 +52 ¢3:956469408972000 r as 


9° 
4e}5 7823470448 6000 r 


25 ¢} 97823470448 6000 
75 


oo 1 \ 

x (=) oe x \* | 2 / 25 o3934704113458000 
4 k 

k=0 


7 
1+ = fannie cece > (=) (eee a i 
2 k=0 - 


aN Ie 
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_ (4x7) e? 0.9891173522430000 
32 Pio, 0.9891173522430000 42}14 1+ 


3» 25 


i (4 w )13 2 | 0-9891173522430000 | / 
25 


Z 
(417) e? 0.9891173522430000 


i? te 
3» 25 


1] 1344 | 25 ¢1:978234704486000 | 5 ,,3.956469408972000 2 _ 


4e 1.97823470448 6000 3 


75 
© (- = \ eon \* (- sh 5.934704113458000 
ar oe || oe 


k=0 
75 \K » 1.978234704486000 _2\-k (_1) )" 
. 4 ¢1:978234704486000 2 5 (-2} (e ) (-3), 
75 er k! 


(4x7) e? 0.9891173522430000 
 —— 


Se 1.97823470448 6000 


32 et | 9.9891173522430000 | 45} 4, 
3x25 


ai (417) 13 ¢2 | 0:9891173522430000 / 
25 


(4x7) e? 0.9891173522430000 
eo ee ae i 
3.25 


_111344 |-25 197823470448 6000 +52 ¢3:956469408972000 x _95 @ 197823470448 6000 


© (1 (-3), | 
V zo > 2 ™ 75 
¢°:934704113458000 


1.978234704486000 _2 k 
13 -z0) zoK 
/ 25 


i (AK Es (1 4, 4e1.978234704406000 52 | 4yY 


inves = Zo 
k=0 


k! 
for (not (Zo €R and -w< Zo s 0)} 
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And: 
-[32((((e*(-4*0.989 1 17352243) / 
[1+sqrt(((1+1/3* (4Pi%2)/25*e4(2*0.989 1 17352243))))]*7 * 


[42(1+sqrt(((1+1/3*(4Pi%2)/25*e%(2*0.989 1 17352243))))- 
13*(4Pi%2)/25*e%(2*0.989 1 17352243))]))))]45 


Input interpretation: 


oe 0.989117352243 








-|32 J 
1+: 1 (4 72) 2 0,080117352243 | 
3la5\o °F 
42 l+y ese [se (427))¢? 0.989117352243 _ 
3\25° ' 
5 
13 (= (4 r)) 0,980117352243 | 
25 ° 

Result: 


1.651220569... 


1.651220569.... result very near to the 14th root of the following Ramanujan’s class 
invariant Q = (Gso5/G101 et = 1164.2696 i.e. 1.65578... 
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Series representations: 


(4 x ) e 0.9891173522430000 


See ee ee 
3x25 


ai (4 x ) 13 e 0.9891173522430000 a 


il ee x2) e2 * 0.9891173522430000 
ax25 


e 1:97823470448 6000 x 
4385 270 057 140 224 | -25 +52 ¢1978234704486000 52 _ 95 = 


=, (75 ¥ + 1.078234704486000 _2 | 
> (F) & “J (3 \ 
k=0 i 


9765 625 @ 197823470448 6000 ; Se 


. (=) ae Z y | : 
k=0 k 
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| 2 0.9891173522430000 
_|132 Ps 0.9891173522430000 42 + 1+ (4x°)e eT _ 


= (4 x) 13 e 0.9891173522430000 | 


Ps |, mioaiebaiecaie 2. 0.9891173522430000 


3x25 


4 @ }:978234704486000 re 


75 


ow 


4385 270 057 140 224 | -25 +52 ¢1:978234704486000 52 _ oc 
» / 


eee 60 


(- 73) le 1.97823470448 6000 xy ( ay 


k 5 


» ki 


k=0 


| 2 0.9891173522430000 
_|132 wee 0.9891173522430000 c wa Ge (4x7)e Seer = 


= ( 4x) 13 62 0:9891173522430000 I / 


ee ee x2) 2 *0.9891173522430000 
3.25 


4 385 270 057 140 224 |-25 +52 ¢!978234704486000 52 _ 


(- 4 ¢! 978234704486000 _2 k -k 5 
k 


oe) 


wo (-1$ 


5 Vm0 ). 


9 765 625 ¢ 19-7823470448 6000 


« CIF E 1) (1+ 42 - ast 35 


1+¥%0 D) re 


for (not (Zo €R and -«< Zo $ 0)} 
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We obtain also: 
-[32((((e*(-4*0.989 1 17352243) / 
[1+sqrt(((1+1/3*(4Pi%2)/25*e4(2*0.989 1 17352243))))|47 * 


[42(1+sqrt(((1+1/3*(4P1%2)/25*e*(2*0.989 1 17352243))))- 
13*(4Pi*2)/25*e%(2*0.989 1 17352243))]))))]41/2 


Input interpretation: 


e* 0.989117352243 





— ||32 : 

TY 

1 (1 (4 72)) 92°9- 73522 
\ [i+ jas 35 (47 Je 0.98911735 *| 
42 1+ f14e (= (4 n)\e? 0.989117352243 _ 
3 \25 © 
13 (= (4 n) |e? 0.989117352243 
25° 

Result: 
-0 


1.0514303501... i 
Polar coordinates: 


r = 1.05143035007 , 8=-90° 


1.05 143035007 
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Series representations: 


| 2 0.9891173522430000 
[> -—* 0.9891173522430000 42 + 1+ (47°)e <= = 


= (4 x) 13 e 0.9891173522430000 ot 


A co (ied mabaaias x2) e# <0.9891173522430000 
325 


4 ¢)-978234704486000 x 


75 


95592 @ 1:97823470448 6000 x +25 


eal 1.97823470448 6000 *)* [: Y ¢3:956469408972000 


. [emma 58 By 1:97823470448 6000 y* | | 


wh le 
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| 2 0.9891173522430000 
= 32 et 0.9891173522430000 c +.11+4 (4x7)e ae = 


a) (4 1) 13 2 9:9891173522430000 a / 
25 


Pe 8 | siamaaiadier ie peicice 2. 0,9891173522430000 
3.25 ae 


4 @ 97823470448 6000 rw 


75 


25-52 197823470448 6000 x 425 


ao 


y? =) 


Es caecacaineiennn “ re 4e 1.97823470448 6000 rw 


_oB 75 (e 1,97823470448 6000 xy ( 


> 7 mak 


k=0 


K po. -k 


7 


(4x7) e 0.9891173522430000 


— |] ] 92 oF 0.9891173522430000 | 45] 4 
3.25 


x (4 x) 13 ¢2  0-9891173522430000 | / 


Pi | seadadinsac iba 2 0.9891173522430000 


3% 25 


- 21 25-52 197823470448 6000 x + 


= CUE (3), (1+ 4-20) ast 
Bia oe / 
@3'9598469408972000 
« (-1 see OY 
ve § (- }. ( + = ) 6 
for (not (Zo €R and -«< Zo $ 0) 
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1 / -[32((((e(-4*0.989 117352243) / 
[1+sqrt(((1+1/3*(4Pi42)/25*e%(2*0.9891 17352243)))) 97 * 
[42(1+sqrt(((1+1/3*(4Pi*2)/25*e*(2*0.989 117352243))))- 
13*(4Pi42)/25*e4(2*0.9891 17352243))])))) 91/2 


Input interpretation: 


e-4:0.989117352243 
-|1/] |}32 
/ 7 


ll es 
\ +y 1+ 2 (2 (4x7)) e? 0.989117352243 | 





ar eee ER) 
42}1+ i 1+- [= (42°) |e? 0,989117352243 _ 
3\25° , 
13 | a (47° )Je? 0.989117352243 
25 ° 


Result: 
0.95108534763... i 


Polar coordinates: 


r = 0.95108534763 @ = 90° 


3 


0.95 108534763 


We know that the primordial fluctuations are consistent with Gaussian purely 
adiabatic scalar perturbations characterized by a power spectrum with a spectral 
index n, = 0.965 + 0.004, consistent with the predictions of slow-roll, single-field, 
inflation. 


Thence 0.95108534763 is a result very near to the spectral index n, , to the mesonic 
Regge slope, to the inflaton value at the end of the inflation 0.9402 and to the value 
of the following Rogers-Ramanujan continued fraction: 
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a 


5 -x 
=1-—_*__ = 0.956 8666373 
(9 ae pt! i 
e-* 
ip 
i 
ie 


Series representations: 


989 
(4x7) e 0.9891173522430000 


2 1/ 32 et | 0-9891173522430000 Janly 4, (14 7 
3x25 


x (4 x) 13 e 0.9891173522430000 | / 


(4 r ) Ps 0.9891173522430000 y 
1+.) ——_—______- = 
3.25 


9° 
415 7823470448 6000 re 


75 
2 (Cee y* [: a 


5 iain a 1.978234704486000 2 
¢3-956469408972000 1+ 
1 
py = 75 (e 1.97823470448 6000 x)" | 
4 


/ ye 25 — 52 ¢ 1 978234704486000 2 | oc 


k=0 
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989117352243 
2 | 32 ot 0.9891173522430000 c er a0 Liat ; 


= (4 x) 13 @ 0.9891173522430000 ] / 


(427) e? 0.9891173522430000 i 
De A es = 
3.25 


4 ¢)-978234704486000 r 


75 


i A / 


e .95646940 8972000 —= 


(-2)' le 1.97823470448 6000 a*y* ( (-2), | 


= 5 / Jar. |{lo5 —52 ¢1978234704486000 2 | oc 


> k 
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2. 0.9891173522430000 
=| / 32 e+ | 0.9891173522430000 | yn], 4, 144 (42) ¢? 0.9891173522430000 ; 1 
3.25 25 


(4 r) 13 e — 


(4x7) e? 0.9891173522430000 i 
142) 34 eee = 
3.25 


-|5 / 8/21 [ Sig a eae a 


© (UF (-) (1 4, 441,978234704406000 52 - 20)" ak 


oe 


k=0 


en 6460408972000 


ty > 
k=0 


fat a (1 _4e Sree sooo <i - 2)" ak i] 


k! 


for (not (Zo €R and -«o< Zo < 0)! 


From the previous expression 


e* 0.989117352243 


7 
1+./142 (2 (4x?))¢? 0.989117352243 
3 \25 
42114 A ‘ 1 (=. (42°))¢” 0,989117352243 _ 4 (=. (427)? 0,989117352243 
3\25 25 


= -0.034547055658... 


we have also: 
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1+1/(((4((2*e%(-0.989 1 17352243/2))) / 
((((1+sqrt(((1+1/3*(4Pi%2)/25 *e%(2*0.989 1 17352243))))))))))) + (-0.034547055658) 


Input interpretation: 


1 
1 + ————______———— - 0.034547055658 
4 2 -0.989117352243/2 


—— 
| Lil. 2 0.989117352243 
ay 1+3 tae l4n \)e? 


Result: 
1.61976215705... 


1.61976215705..... result that is a very good approximation to the value of the golden 
ratio 1.618033988749... 


Series representations: 


1 
1 + ———__—_.—_—— - 0.0345470556580000 = 
4 (2 ¢-0-9891173522430000/2) 


| (442) ¢2 «0.98911 73522430000 

My le —_a 73 
049455867612 15000 1 

0.9654529443420000 + —— he of 4048506761215000 


xc 44) w ° . wf : 
lianas >: 7 |, 1:97823470448 6000 Fl ‘> 
75 4 S : k 

k=0 


1 
1 + ————____———— - 0.0345470556580000 = 
4 (2 ¢-0.9891173522430000/2) 


| (4n2)¢2 0.98911 73522430000 

ly 1 — a Ts 
8: 49455867612 15000 1 

0.9654529443420000 + —. 45 gf 948586761213000 


75 \K / 1.978234704486000 _2)\-k /_ 1 
4 g}978234704486000 12 0 (-=) (e x) (-3), 


75 ean k! 
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1 
4 (2 e 0.98911 epmhiosa in | 


(412) ¢2 » 0.98911 73522430000 
ay 14-— 95 25 


0.4945586761215000 


1+ 


0.9654529443420000 + —— . 
k 1 4e 
1 oo (-1f* (-3), (1+ 
= acai a y 2/k 
k=0 
for (not (Zo €R and -«< Zo <0)! 
Observations 


1.978234704486000 ,2 ~ a y -k 


— 0.0345470556580000 = 


75 Zo 


k! 


We note that, from the number 8, we obtain as follows: 


9 

64 

87 x 2x8 
1024 

g* = g?x2° 
True 

8* = 4096 

8? . 2° — 4096 
2}3 = 2> gt 
True 

2)3 — g192 

2. 8* = 8192 
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We notice how from the numbers 8 and 2 we get 64, 1024, 4096 and 8192, and that 8 
is the fundamental number. In fact 8° = 64, 8° = 512, 8* = 4096. We define it 
"fundamental number", since 8 is a Fibonacci number, which by rule, divided by the 
previous one, which is 5, gives 1.6 , a value that tends to the golden ratio, as for all 
numbers in the Fibonacci sequence 


“Golden” Range 


1.6314839 +4) ———n 
o@ mean (2) "W3164.27 
16 1.618034 1.64493 1.65578 1.675 


Finally we note how 8° = 64, multiplied by 27, to which we add 1, is equal to 1729, 
the so-called "Hardy-Ramanujan number". Then taking the 15th root of 1729, we 
obtain a value close to €(2) that 1.6438 ..., which, in turn, is included in the range of 
what we call "golden numbers" 


Furthermore for all the results very near to 1728 or 1729, adding 64 = 8”, one obtain 
values about equal to 1792 or 1793. These are values almost equal to the Planck 
multipole spectrum frequency 1792.35 and to the hypothetical Gluino mass 
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Appendix 





Outlook 











Remarkably rich (apparently UNIQUE) framework 


Why a given “shape” of the extra dimensions ? 
[CRUCIAL, it determines the predictions for a, ...] 





A. Sagnotti - AstronomiAmo, 23.4.2020 21 





From: A. Sagnotti — AstronomiAmo, 23.04.2020 


In the above figure, it is said that: “why a given shape of the extra dimensions? 
Crucial, it determines the predictions for a”. 


We propose that whatever shape the compactified dimensions are, their geometry 
must be based on the values of the golden ratio and C€(2), (the latter connected to 1728 
or 1729, whose fifteenth root provides an excellent approximation to the above 
mentioned value) which are recurrent as solutions of the equations that we are going 
to develop. It is important to specify that the initial conditions are always values 
belonging to a fundamental chapter of the work of S. Ramanujan "Modular equations 
and Appoximations to Pi" (see references). These values are some multiples of 8 (64 
and 4096), 276, which added to 4096, is equal to 4372, and finally en 
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We have, in certain cases, the following connections: 


String Theory 
(Quantum Gravity) 


— 


Energy scale 








Set of consistent low- 
energy effective 
Quantum Field Theories 


Siwelany olrelavel 


The String Theory “Landscape” 


- Graph axes show only 2 out of hundreds of parameters 
(“moduli”) that determine the exact Calabi-Yau manifolds and 
how strings wrap around them 


Potential 
energy 
density 


- Each point on 
the “Landscape” 
represents a single pd 
Universe with a particular My "% 
Calabi-Yau manifold and set 7 
of string wrapping modes for its 
compactified dimensions 


- Each Universe could be realized in a separate post-inflation “bubble” 


Fig. 2 
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Fig. 3 


Stringscape - a small part of the string-theory landscape showing the new de Sitter solution as a local 
minimum of the energy (vertical axis). The global minimum occurs at the infinite size of the extra 
dimensions on the extreme right of the figure. 





Figure 2. Lines in the complex plane where the Riemann zeta 
function ¢ is real (green) depicted on a relief representing the 
positive absolute value of ¢ for arguments s = o + i7 where the real 
part of ¢ is positive, and the negative absolute value of ¢ where the 
real part of ¢ is negative. This representation brings out most clearly 
that the lines of constant phase corresponding to phases of integer 
multiples of 27 run down the hills on the left-hand side, tum around 
on the right and terminate in the non-trivial zeros. This pattern 
repeats itself infinitely many times. The points of arrival and 
departure on the right-hand side of the picture are equally spaced and 
given by equation (11). 


Fig. 4 
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With regard the Fig. 4 the points of arrival and departure on the right-hand side of the 
picture are equally spaced and given by the following equation: 


~| 
~~ 
Ill 
> 
| 


we obtain: 
2Pi/(In(2)) 


Input: 
T 





log(2) 


Exact result: 


2m 
log(2) 





Decimal approximation: 
9.06472028365438761925536589 143333362034372293544759 1 1683720330958 


9.06472028365.... 


Alternative representations: 








2 2x 
log(2) log, (2) 
2a 2 





log(2) 7 log(a) log, (2) 
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2a _ 2 
log(2) 2. coth~}(3) 





Series representations: 














2X 2a - 
= ee iforrx< 0 
log(2) . _) arg(2-x) w  (-1)F (2-2 x* 
aix|— | + log(x) - Se oe 

ee 
log(2) 7 = oo (-1 K (2-29)* ok 

£2 gc) +[ 822 og( 4) +togzo) - De, Mats 

2x 2X 





2x 


log(2) 7 x-arg| = |-arg(zo) 
2ix| = 


k k _-k 
wo {(-1)" (2-z9)" z, 
|+ ogc - eae 


Integral representations: 


2a - 2x 
log(2) ‘22 
og(2) fp at 











Qn 4in 


log(2) fist res rd+s) 4 
-icoty = r(1-s) 





for-l<y<0O 
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From which: 


(2Pi/(In(2)))*(1/12 x log(2)) 


Input: 





(2. —*-]( © rtogc) 
log(2) /\12 8 


Exact result: 


m 
6 


Decimal approximation: 


log(x) is the natural logarithm 


1.644934066848226436472415 166646025 18921894990 12067984377355582293 


2 
1.6449340668.... = €(2) = 3 = 1.644934... 
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